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Abstract—A boundary value problem describing the equilibrium of a two-dimensional linear elastic
body with a thin rectilinear elastic inclusion and possible delamination is considered. The stress and
strain state of the inclusion is described using the equations of the Euler—Bernoulli beam theory.
Delamination means the existence of a crack between the inclusion and the elastic matrix. Nonlinear
boundary conditions preventing crack face interpenetration are imposed on the crack faces. As a
result, problem with an unknown contact domain is obtained. The problem is solved numerically by
applying an iterative algorithm based on the domain decomposition method and an Uzawa-type algo-
rithm for solving variational inequalities. Numerical results illustrating the efficiency of the proposed
algorithm are presented.
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1. INTRODUCTION

Artificial materials, such as fiber-reinforced composites, which consist of an elastic matrix reinforced
by high-strength thin fibers (inclusions), have been widely used in various engineering applications over
the last decades. Experience shows that crack defects, which have a large effect on the strength character-
istics of materials, can arise as early as manufacturing or the initial stage of operation of fiber-reinforced
composites. This circumstance motivates the development of new mathematical and numerical models
describing the deformation and failure of highly inhomogeneous structures with defects of various
natures, specifically, fiber-reinforced composites with cracks.

In this paper, we consider a boundary value problem modeling the equilibrium of a two-dimensional
linear elastic body with a thin elastic inclusion affected by given surface forces applied to a boundary por-
tion. The thin inclusion is understood as an object whose dimension is lower by one than that of the elastic
matrix. It is assumed that the inclusion extends to the outer boundary of the body and is possibly subject
to delamination. The underlying model relies on the ideas described in [ 1] and developed in [2]. The stress
and strain state of the inclusion is described using the equations of the Euler—Bernoulli beam theory.
Delamination means the existence of a crack between the inclusion and the elastic matrix. On the crack
faces, we set nonlinear boundary conditions in the form of equalities and inequalities preventing the inter-
penetration of the crack faces. As a result, a problem with an unknown contact area arises. It is shown that
the equilibrium problem under consideration is equivalent to a variational inequality on the set of kine-
matically admissible constraints. For the numerical solution of the problem, an iterative algorithm is pro-
posed based on the domain decomposition method and an Uzawa-type algorithm for solving variational
inequalities. Every iteration step consists of solving four linear problems, namely, two plane elasticity
problems, the problem of stretching an elastic rod, and a beam bending problem. The solutions of these
four problems are related by Lagrange multipliers. The algorithm designed is tested using the finite ele-
ment method.
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Fig. 1. Geometry of the problem.

Let us briefly overview the works that are closest in subject to our study. In describing the deformation
and failure of fiber-reinforced composites, it is reasonable to use not only models of elastic inclusions, but
also models of semi-rigid and rigid inclusions. In this case, some (possibly all) of the equilibrium equa-
tions for the elastic inclusions are replaced by nonlocal boundary conditions ensuring equilibrium condi-
tions for the inclusions. In recent publications [3—5], well-posed mathematical models for the equilibrium
of elastic bodies with thin elastic, rigid, and semi-rigid inclusions and cracks with boundary conditions
ensuring mutual nonpenetration of the crack faces were described and the dependence of the solutions on
the stiffness parameters of the inclusions was analyzed. Results of numerical simulation concerning the
equilibrium of elastic bodies with thin rigid inclusions can be found in [6—10]. The domain decomposition
method as applied to various problems in continuum and solid mechanics was discussed in [11—16] and
[17—19], respectively. Note also [8, 20, 21], where problems in the theory of cracks with possibly contact-
ing crack faces were solved numerically by applying the domain decomposition method. Other methods
for solving such problems were developed in [22—24].

2. FORMULATION OF THE PROBLEM

Let Q c R? be a bounded domain with a Lipschitz boundary 9Q, where 0Q =T N l_“D,
I'ynT'p=0, measI') >0, and X = (a,b) x{0} is a segment in Q with its endpoints (a,0) and (b,0)
belonging to the outer boundary 0Q so that (a,0) lies on Iy, and (b,0), on I' ), as shown in Fig. 1. The
segment X divides Q into two subdomains €, and Q, with Lipschitz boundaries dQ, such that
meas(0Q, NT'p) >0, o = 1,2. Suppose that n = (n, n,) denotes the unit outward normal to 9Q, v = (0,1)

denotes the unit normal to X, and T = (1,0). Finally, let Qy; = Q\E.

In our consideration, the domain € corresponds to an elastic body made of a generally inhomoge-
neous anisotropic material with an elasticity tensor C = {c;,}, i, j, k,I = 1,2, having the standard properties

of symmetry and positive definiteness and satisfying ¢, € L”(Q); and X represents a thin elastic inclusion
whose behavior is described using the model of the Euler—Bernoulli elastic beam [25] and the mechanical
and geometric properties are characterized by Young’s modulus £ of the material, by the cross section
moment of inertia /, and by the area .S’ of the inclusion. Assume that ¥ delaminates from the elastic part
Q, on the segment v,. Thus, there is a crack between the elastic body and the inclusion. The following

variants are also possible: y. = 0 (no delamination) or y, = £ (complete delamination). In the model
under consideration, the conditions on the crack faces are set in the form of equalities and inequalities
preventing mutual penetration of the crack faces (see, e.g., [26]).

The elastic behavior of the material is described using the theory of small deformations, i.e., Hooke’s
law is used as an equation of state and the strain tensor &(u) = {€;(u)} is connected with the displacement
vector u = (u;, u,) by the linear relations

o) = Ceu), &,u) =1/2u,, +u,,), i,j=12.

The subscript after the comma denotes differentiation with respect to the corresponding coordinate.
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Consider the following mixed boundary value problem: given a vector of surface forces

f =, e LT N)2 , find the displacement field u for the points of the elastic body, horizontal displace-
ments v, and vertical deflections w of the points of the thin elastic inclusion such that

-divo(w) =0 in Qs (1)
~ESv,, =[c.w)] on I, )
Elwy,, =[o,w)] on X, 3)

u=0 on T, (4)
own=f on Ty, (5)
vi=w,=w,;, =0 at Xx =a (6)
v=w=w,=0 at x =b, (7)
[ul-vz20, o,@)|,(ul-v) on 7., (8)
GV(M)|Y3 <0, o) 2 =0 on 7, 9)
v=u-T, w=u-v on I, (10)
=0 on X\¥. (11)

Here, [h] = ;. — |y is the jump in 4 across X, where A, is the trace of 4 on X taken on the side of Q,,
a=12; 6, =(@u)Vv)-v; and 6, = (6(u)v) - T. Functions defined on X are identified with functions of
variable x;.

Relations (1) are equilibrium equations for the elastic body, while (2) and (3) are the Euler—Bernoulli
equations for the thin elastic inclusion 2. The right-hand sides [c.(#)] and [6,(4)] of equilibrium
equations (2) and (3) describe the forces exerted on X by the ambient elastic medium. The inequality
in (8) ensures the mutual nonpenetration of the crack faces. If there is no contact at a given point x « € Ye

([u] - v(x,) > 0), then the normal stress on the crack face yf is zero (Gv(u)| 7 (x,) = 0). On the other hand,
if the normal stress on yf is negative (Gv(u)|Y2 (x,) < 0), then the crack faces are in contact ([u] - V(x,) = 0).

Moreover, conditions (10) guarantee that the displacements of the elastic body on > are equal to those of
the thin inclusion. The boundary conditions (6) mean that the corresponding end of the thin inclusion is
free, while conditions (7) correspond to a clamped end. Note once again that the contact points of the
opposite crack faces are not known a priori and are to be determined in the course of problem solving.

3. VARIATIONAL FORMULATION OF THE PROBLEM

To obtain a variational formulation of the boundary value problem (1)—(11), we introduce the function
spaces

Hi (Q) ={ue H'Q) lu=00nT,},
Hyz)={ve H'®lv=0at x =5},
Hy(2) ={we H*@)|w=w, =0at x, = b}
and the set of kinematically admissible displacements

K ={(uv,w)e Hy (Q) X HyX)X H,(X) |[u]-v=0 on 7,

vV=u-T, w=u-V on 21, [u]zO on 2\76},
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where Q. = Q\ 7.. The potential energy functional of the system is defined by the formula

T, v, w) = J.G(u) - e(uydx + 1 j ESvidx, + lemﬁldx, - j £ - uds.
2 Q. 23 23 Ty

Consider the problem of minimizing IT over the set K: find an element (,v,w) € K such that
I(u,v,w) <I@u,v,w) Vu,v,w)e K. (12)

Theorem 1. There exists a unique solution (u,v,w) € K of problem (12). This solution satisfies the varia-
tional inequality

[ o) : €@ = wdx + [ ESv,7, = v.)dx; + [ EDw, (53, = wy)dx,
z z

* (13)
> jf-(b_l—u)ds Y(@,7,w) e K.
Iy

Moreover, the variational inequality (13) represents a weak formulation of the boundary value problem (1)—(11).

Proof. The set K is convex and closed (and, hence, weakly closed) in the reflexive space

H}D (Qc)2 X H, ,1 )< H b2 (2), while the functional IT is weakly lower semicontinuous and coercive over this
space. The last assertion is a simple consequence of the first Korn inequality and the Poincaré—Friedrichs
inequality. Therefore, problem (12) has a solution (see [26, Theorem 1.11]). The uniqueness is checked
directly. Note also that the variational inequality (13) gives a necessary and sufficient condition for the
convex and Gateaux differentiable functional IT to have a minimum over the set K.

Let us verify that the boundary value problem (1)—(11) is equivalent to variational inequality (13) for
smooth solutions. First, assume that relations (1)—(11) hold. Choosing (&, v, w) € K, multiplying the
equilibrium equations (1), (2) and (3) by (w — u), (v —v), and (W — w), respectively, and integrating the
results over 2y and X, we obtain

- j div o) - (@ — u)dx + j (ESv,, —[6.)])(7 — v)dx, + j(Elw,1111 —[6,)])( — w)dx, = 0.
o > b

Integration by parts, in view of (4)—(7) and (11), yields

j o) : &(@ — u)dx + j[o(u)v (@ — u)dx, + j [0@u)WV] - (@ — u)dx, + J-ESV,I(V,I —v,)dx,
Qy

Ye 2\, X
+ [Ewy (9, = widx, = [[0:)17 = vdx, - [[0,@)]1(F = wydx = [ £ @ —upds = 0.
> by > Ty

Once again using (11), we note that the integration over €5 can be replaced by integration over .. Thus,
to obtain variational inequality (13), it is sufficient to prove

[1o@y - @ —wax, - [16.6)17 = vy = [16,@)1(7 = wydx, <0.
Ye Ye Ye

Obviously, the last inequality holds by virtue of boundary conditions (8)—(10).

Now, we prove the converse. Assume that variational inequality (13) is satisfied. It is easy to see that
the equilibrium equations (1) hold in the sense of distributions. To check this assertion, it is sufficient to

substitute (iz,v,w) = (u,v,w)  (@,0,0), z € C; (Qz)z, as test functions into (13). Then, using (u,v,w) =
w,v,w) £ @,v,w),[d]-1=0o0nX\Y, and [4]-Vv =0, ﬁ|21 -T=V, L?|Zl -v = w on X as test functions in (13),
we have

jcs(u)  e(d)dx + j ESv ¥ dx, + J‘Elw,”v?{”dxl - f f-dds = 0. (14)
Q. ) >

Y
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Integration by parts in (14) yields

—[[o@)v - ddx, - j [0@u)V] - fidx, — j ESv, dx, +J-Elw,m]v?)dx1
i z z

Y 2\70 (15)
- ESVJVA(G) - EIW’”W,I(CZ) + E[W,lllﬁ/(a) - I f N I/’st = 0.

Ly

Assuming thatV =w =w, =0 forx; =band & = 0 onI',, we derive

- j ([0, (@)1 - v + [0, - T]) dx; — j (6, (@)1 -V + [0, - T) dx,
Y. \Y, (16)
- j ESv, Pdx, + j Elw,,,wdx, = 0.
p >

Since & - T on yi is arbitrary, we conclude that Gr(u)| 2= 0.Sincev=u-tandw=u-v on Zl, the equi-

librium equations (2) and (3) follow from (16). Taking into account these relations and again using (15),
we see that the boundary conditions (5) and (6) are satisfied. It remains to check the boundary conditions

from (8) and (9) for the normal stress G, (u)|Y;. The corresponding argument is omitted, since it repeats,
word for word, the proof in [2] for the case of both free ends of X lying inside Q. The theorem is proved.

4. DECOMPOSITION OF THE PROBLEM

Consider the function spaces
U ={u" e H(Q,) |lu* =00on dQ, "T,}, a=12
V=H,), W=H/(®),
and the convex closed (in U ') U XV x W) set
1 2 1 2 2 1 1
K, ={(u,u",vywye U XU XV xW|w —u)-vz0ony,v-u - -1=0,
w—u-v=0onY @@ -u)1=0, @ -u)-v=0onZI\T}.

The energy functionals are defined as

I, u®) = % j ou®) : e(u®)dx — f fou’ds, =12
Qa

0Q, NIy

() = lj ESVidx, m,(w)= lj EIw?\dx,.
2 x 2 >

Consider the following minimization problem: find an element (u',u4”,v,w) € K,. such that
') + TL?) + T (v) + my(w) < TL@) + TL@) + 1 (V) + () V@, 7,7, %) € K. (17)

As before, it can be shown that problem (17) has a unique solution (ul, uz, v,w) € K, satistying the varia-
tional inequality

j o) : e@ — u')dx + J' o) : e@ — ud)dx + j ESv (7, —v,)dx, + j Elw, (), —wy,)dx,
Q Q, ) T
(18)
> j @ —uds + j [-@ —udds V@77, we K,.
0QNlCy 0Q, NIy
Moreover, we have

o

u =u oa=12

Q.

where (u,v,w) is a solution of the minimization problem (12).
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5. APPROXIMATE PROBLEM

To solve the problem with inequality constraints (17), we properly regularize it. For this purpose, we
apply the approach used in [27, Chapter 5] for solving the problem of elastoplastic torsion of a rod and
adapted in [8, 20, 28] to solving crack problems with possibly contacting crack faces. Specifically, for an
arbitrary number p > 0, define the sets

={Le L(Y)I0<A< pony
A=A, ={he L()|-p<A<ponX,

P
A, = A, = e LEL)|-p <A< pon I\
Overtheset U' x U XV X W x Alp X Af) X AZ X Af, X Ai, consider the Lagrange functional
P, v, w, N AN = L) + T) + T (v) + T, (w) + jx‘(u‘ —u’)-vdx,

YC
+ J.X ' -T—v)dx +J7» W' v —wydx, + I M@ —u®) - vdx, + '[ V@' —u’) - tdx,
=\7, I\
which is associated with the following family of saddle point problems depending on the regularization
parameter p: find an element (u',u%, v, w, N\, AL 00N 0°) € U'xU? xV x W x AL X Ai X Ai, X Af, X A;’,
such that

_____ (19)

The Lagrange multipliers k’, i= 1, 5, thus introduced can be interpreted as follows: A' ensures the validity
of the nonpenetration condition for the crack faces y,, A* and A’ relate the displacement fields of = and
Q,, and A* and A’ relate the displacement fields of Q, and Q, outside 7,.

Since each the sets in the direct product U "'SU XV X W x Ai, X Af, X Af, X Af, X Af, is convex, closed,
and bounded in the corresponding reflexive space, while the Lagrange functional L is convex and lower

. . 1 2 . . 1 2 3 4 5
semicontinuouson U XU~ XV X W and concave and upper semicontinuouson A, X Aj, X A, X A, X A,

the theory of existence of saddle points guarantees that, for every p > 0, problem (19) has at least one solu-
tion (see [29, Chapter 6, Proposition 2.1]).

Theorem 2. Let (u',u’, v, w) be a solution of problem (17) and (u u VW, le, Xf,, X;, kf,, lf,) be a solution
of problem (19). Then, as p — oo,

(u},,ui Vs p)—>(u u’ ,V,w) strongly in U'xU> XV xXW.

Proof. Inequalities (19) are equivalent to the following system of variational equalities and inequalities:

j o(ub) - €' )dx + j o(u?) : e )dx + jESvplvldxl jE1wp“dexl+ J' M@ - a7 - vx,

+jxj(u : —v)dx1+jx @ v — W)dx, + Idap(u — @) vdx, + jxs(ul—#)-rdxl (20)
T IAVA I\Y.
j foads + j fo@tds N@, @, v,w)e U xUxV xW,
0Ny 0Q,NT'y
jx(u —u?) - vdx, < j?ﬁ uh—ul)-vdx, Yh'e A, Q1)
jﬁ(u T—v,)dx, < j MW -t—v,)dx, YRie A2, (22)
R, v —wdx < [N, -v-w)dx  VX'e A, (23)
z p)
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j 7_»4(u2 —u;)'\la’x1 < I ki(u; — ulz,) -vdx, VAt e Ai, 24)
\7. I\ Ve

[ R, —up-an < [ A, —up)-wdx, VX e A}, (25)
2\7, I\ Y.

It follows from (21)—(25) that the components of the vector function (klp, ki, ki, ki, kf,) can be represented

in the form

1 2 . <
A () = 0, (u,l,(X) u,;(X)) v <0, (26)
P (Up(x) —uy(x)) v >0,
- '(x) 1 - <
}\;(x) _ 12 (Lllp(x) T-v(x)) 20, 7)
P Wy (x)-T—v(x)) >0,
1
— . — <
) = { P W) V=) <0, 08)
P (Uy(x)-v—w(x)) >0,
2 ) = {—p, (Up(x) = () -V < 0, 29)
’ P () = up(x)) v >0,
M= iP @@ =) T<0, (30)
! P (uy(x) —up(x))- T > 0.
Let
[11) = ImaX{O, (u; — ui) - Vidx,,
Ye
I’ = f max{0,u’, - T — v, }dx, + jmax{o, — -t —v,)dx,
z z
3 1 1
I, = J.max{O, u, V—w,ldx + Imax{O,—(up "V —w,)}dx,
z z
I;‘ = I max{0, (ull, — ui) - Vidx, + Jmax{O, —(u;, — u;) - Vidx,,
I\, z
1= [ max{0,@, - up) - dx + [maxi0,~u, - u}) - hdx,
=\, x
Then, by virtue of (26)—(30), we have
[Mota, —up) v = pry 20, (M5, -t =v,)ax = pI} 20, 31)
Ye z
[, v =wdx = pry 20, [ Ay, —up)-vax = pl; 20, (32)
b I\Te
[ 256, =) - xax, = p1; 2 0. (33)

I\7,
Note that, by virtue of the first Korn inequality and the Poincaré—Friedrichs inequality, the norms in the
spaces U* (o0 = 1,2), V, and W can be defined as

o
U

L= [owtyewdx P =2mw, [l = 2,00
Q(X
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The variational equality (20) implies that

+pl,+ pl, + pl, + pls + pI, = I fulds + j foidds. (34)
aQ]ﬁFN anﬁFN

1) 2|? 2 2
tpll ol T Wl + ol

Taking into account estimates (31)—(33) and the Cauchy inequality, we obtain the p-uniform estimate

1 2
[, + sl + ol + il < €. (35)
Moreover, for all p > 0, it follows from (34) and (35) that
1 2 3 4 s _C
OSIP+][,+IP+[[]+I‘DS;, (36)
whence
lim(/, + L+ 1, +1,+1,)=0. (37)

On the basis of (35), we choose a subsequence of the sequence {(u'p,ui, Vs wp)} (retaining the same nota-
tion) such that, as p — oo,

Uyt Vo W,) = (@ ,0°,7,W)  weakly in = U'xU>xV xW. (38)

Let us check that the limiting function (ﬁ', ﬁ2, v, w) thus defined belongs to K. Indeed, by virtue of (37),

an arbitrary nonnegative function @ of the class C; (7,) satisfies the relations

[o@ ~ i) vax, = tim ot} —u2) - v, < (mgx n(x)) lim [ max{0, s, - u?) - vid
p—oo xe¥y, p—roo
Ye Ye .

¢

= (rnax (p(x)) lim 111, =0
p—>eo

xeY,

therefore, (#° — ') -v = 0 on Y.. Furthermore, for an arbitrary function y of the class C; (%), we derive
j @' 1 - Pyydx, = lim j W) - T—v,)ydx,.
z z

Moreover, the following chain of inequalities holds:
—(n;eazx |1|f(x)|)J-max{0, ~u, - T—v,)}dx, < J‘(u;, - T—v,)ydx, < (n;ez%x |\|}(x)|)_[max{0, u, - T—v,}dx. (39)
z z z

Taking into account estimate (37) and passing to the limit as p — « in (39), we obtain

j(ﬁ‘ T — V)ydx, = 0.

>
This equality means that i -t-v=0 on X. A similar argument yields 4-v—w=0 on ¥ and
W' —u")-v=0,@u’ —u') 1=00nX\Y,. Thus, (@,a’,v,%) is a element of the set K.

Now let us show that (ﬁl,ﬁz,f, w) coincides with (ul,uz,v, w). Let (ﬁl,ﬁz,‘?, w) € K, be an arbitrary

function. Substituting (L?1 — u;, a - ui, vV —v,,w—w,) into (20) as a test function and taking into account

(21)—(25), we obtain the variational inequality

j o) : e(@' — ul)dx + j o) : e(@® — ul)dx + j ESv, (7, —v,)dx,
Q1 Qz >

— ~1 1 ~2 2 (40)
(BB, w2 [ fo@ —upds+ [ f @ —upds.
z

0Q NIy 0Q, Ty
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In view of (38), passing to the limit as p — oo in (40), we obtain a variational inequality of form (18) with
(ul, uz, v, w) replaced by (ﬁl, ﬁz, v, w). Since inequality (18) has a unique solution, (ﬁl, ﬁ2, v, W) coincides with

(ul, u2, v,w). Moreover, it follows that (uL,u;, v,,W,) converges weakly to (ul,uz, v,w) in U'XU>XV XW
as p — oo.
In addition to (38), we prove that, as p — oo,

(u},,u;,vp,wp) - (ul,uz,v, w) stronglyin U'xU*XV xXW. (41)

From (18), we obtain

Ic(ul):e(ul)dx+ j G(uz):£(u2)dx+J‘ESv,lv,ldxl +j}51w,”v,”alx1 - j fuds + j f-ulds. (42)
Q Q, z >

0Q NIy 0,y

Since the norm is weakly lower semicontinuous and in view of identity (42), the following chain of
inequalities is valid:

2
1 2
el + e

2
U

. . 2 2
I ol < imine (b, s+ 1+

2
PR

. 2 2 ’
stimsop([is ), + 2+ ol + ol ) =, +
whence, as p — oo,

1
p

2 2 2 2
HU' + ey vl + Il - HulHUI + | P L

J

The weak convergence and convergence of the norms in U "SU*XV XW imply strong convergence (41).
The theorem is completely proved.

6. ITERATIVE ALGORITHM

Let us construct an iterative algorithm for the numerical solution of problem (19). First, we note that
variational equality (20) is equivalent to four ones:

J.G(ull,) - e(@)dx + Iklﬁl -vdx, + jkzﬁl - Tdx, + J.X3L71 - vdx,
Q Ye ) z
4—1 5—1 —1 —1 1
+J.}\,LI'del+.[7\/U'de1: j f-uds Yu elU,
2\70 Z\7L aQ]rer

j o) e(ﬁz)dx—jklﬁz vdx; — j AT vdx, — j Vi tdx,
Q, Ye I\ Y. I\ Y.
- j f-wlds V@te U’

0Q,NIy

j ESv, 7 dx, — j Avdx, =0 YveV,
p) >

IEIWP’I l‘?lldxl - I?L3del = 0 VW € W.
z z

i
p’

Let PA,~ denote the projectors onto the sets A, i = 1,_5, in the respective spaces ,(Y,), L,(X), and

L,(2\Y,). The following Uzawa-type algorithm is proposed for solving problem (19).
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Algorithm

Step 1. Iteration k = 0. Choose arbitrary A"’ e A;, i = 1,5. For example, it is possible to set A"* = 0 for
alli =1,5.

2

Step 2. Iteration £ > 1. Find the functions ul’k, u ’k, Vk, and w* by solving the variational equalities

jc(u”‘) ce(@)dx + j?&"“al vdx, + j AT T + j AT vx,
Q Ye z >

4,k—1—1 Sk—1—1 —1 —1 1
+J.k u~vdxl+J.k u -tdx, = I f-uds Nu eU,

I\T. I\ Y. oMLy
j o>*) : e@ydx — j AT vdx, — j AT vy, — j AT 1y,
Q, Ye VA VA
- j fo@lds V@te U’
0Q,N[y
j ESvY7 dx, — j A Td =0 VeV,
> >

j EIW' i, ,dx, - j A dx, =0 Ve W.
> >

Step 3. Terminate the algorithm or, for some 6 > 0, set

M= Py + 0w — i) ),
W= P 8w T v,
W= P (P 0 v = wh),
}L4,k+l _ PA1(7\'4’k " e(ul,k _ uz,k) V),

7\(5,/{4—1 — PA5 (}\‘S,k + e(ul,k _ uZ,k) i T)

The convergence of the iteration sequence follows from the general convergence theorems for the
Uzawa algorithm (see [29, Chapter 7, Proposition 1.1]). Specifically, the following result holds.

Theorem 3. There exists a number 6% > 0 such that, for all © € (0,0%), as k — oo,

2’k,vk,wk) - (ulp,u;,vp, w,)  strongly in U'xU* XV xW.

(ul’k, u
7. NUMERICAL EXPERIMENTS

Retaining the previous notation, we specify the computational domains Q as the square (—1,1) X (—1,1)
and define £ = (—1,1) x {0} and vy, = (—=1/2,1/2) X {0}. As before, homogeneous Dirichlet conditions are set
on the right boundary of the square I';, = {1} X (—1,1), while Neumann conditions are set on the upper

Iy = (L) x {1}, lower T'y = (—1,1)x {~1}, and left "), = {~1} x (—1,1) boundaries.

In the examples considered below, we assume that the elastic part (25 is a homogeneous and isotropic
one in a plane strain state. Then the stress and strain tensors are related by

Oy (u) = (U, + 1,8, (W) + X,€50(u), Oy (u) = Gy (1) = 20,8, (w),
Oy () = N€11 (1) + 2U,, + A, )E5 (1),

The elastic Lame constants [, and A, are expressed in terms of Young’s modulus E,, and Poisson’s ratio
v,, using the formulas

Em k — 2Vm“'m

M = e v,y " Tisay
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—0.802 —-0.401 —0.00106 0.399  0.800
X

Fig. 2. Partial closure of the crack faces: deformed configuration and the von Mises stress distribution.

The parameter values are v,, = 0.28, E,, = 200 HPa, ES =390 HPa m2, and EI =39 HPa m"*.

As was indicated above, the numerical computations were performed using the finite element method.
The domain Q, was partitioned into 13862 triangles with 7172 vertices, while Q,, into 13810 triangles
with 7146 vertices. The interface X between the domains contained 400 vertices, and the minimum and

maximum sizes of the triangles near X were 0.005 and 0.075, respectively. The stopping criterion for the
algorithm was the condition

2,k 2,k—1
—u

Lk Lk-1
i Ty
U
max

v’ -7
Y s o <10 .
[, z

2

U

In all numerical experiments, we used p = 10" and 6 = 7. This choice of the regularization parameter p
was determined by estimate (36). To choose an optimal value of the relaxation parameter 0, the algorithm
was tested on a coarse grid where the computation time was relatively insignificant and the resulting value
of 8 was then used on a fine grid. The spaces U%, o = 1,2, were approximated by finite-element spaces
consisting of piecewise smooth functions, i.e., Lagrange B -elements [30, 31].

7.1. Partial Closure of the Crack Faces

Setting f |F‘N =0.003u,,x, f |1_5V =-0.003u,,x, and f |F3v = (0,0), we see that the crack faces close in a

neighborhood of the right tip of y.. Figure 2 shows the deformed configuration in the Lagrangian coordi-
nates x + 40u(x) with a scaling factor equal to 40 in both axes and the von Mises stress distribution (the
second invariant of the stress tensor).

Figures 3 and 4 present the vertical and horizontal displacements of the body points lying on the crack
faces X, and X, of the interface X between €, and €,. Recall that by virtue of boundary conditions (10),
the displacements of Z, coincide with the vertical deflections and horizontal displacements of . Note that
the closure of the crack faces occurs on the segment [0.218,0.5].
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Fig. 3. Partial closure of the crack faces: vertical displacements of the interface.
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Fig. 4. Partial closure of the crack faces: horizontal displacements of the interface.
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Fig. 5. Complete opening of the crack faces: the deformed configuration and the von Mises stress distribution.
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Fig. 6. Complete opening of the crack faces: vertical displacements of the interface.
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Fig. 7. Complete opening of the crack faces: horizontal displacements of the interface.

7.2. Complete Opening of the Crack Faces

Let f |1_.N =(0,0.003w,,), f |Fi/ =(0,0.003u,,), and f |1_3N = (0,0). In this case, the faces of Y, open com-
pletely. Figure 5 shows the deformed configuration in the Lagrangian coordinates x + 40u(x) with a scal-
ing factor equal to 40 in both axes and the von Mises stress distribution.

Figures 6 and 7 present the vertical and horizontal displacements of the body points lying on ¥, and %,.
As in the preceding example, the displacements of the points of X, are the vertical deflections and hori-
zontal displacements of the points of Z.

Analyzing the stress distributions near y,, we can conclude that the stress fields have a singularity at the
crack tips. Moreover, a singularity occurs even when the crack faces are in contact near the crack tip. This
finding is explained by the change in the boundary condition type at the crack tips. At the same time, it
should be noted that the indicated stress singularity occurs only in ,, but is absent in Q,. To the best of
our knowledge, the exact asymptotics of the solution near the crack tips and, hence, the character of the

stress singularity for model (1)—(11) remain an open question.

To conclude, we note that, in analyzing a stress singularity at a crack tip in fracture mechanics, it is
useful to apply invariant energy integrals that are independent of a smooth curve enclosing the crack tip.
For the model considered in this work, the existence of invariant integrals was established in [32].

ACKNOWLEDGMENTS

This work was supported by the Russian Science Foundation, project no. 15-11-10000.

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol.58 No.5 2018



774

1.

2.

3.

10.

11.

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.
26.

27.
28.

29.

31.

32.

KAZARINOV et al.

REFERENCES
A. M. Khludnev and M. Negri, “Crack on the boundary of a thin elastic inclusion inside an elastic body,”
Z. Angew. Math. Mech. 92 (5), 341—354 (2012).

A. M. Khludnev and G. Leugering, “Delaminated thin elastic inclusion inside elastic bodies,” Math. Mech.
Complex Syst. 2 (1), 1-21 (2014).

H. Itouand A. M. Khludnev, “On delaminated thin Timoshenko inclusions inside elastic bodies,” Math. Meth-
ods Appl. Sci. 39 (17), 4980—4993 (2016).

. A. M. Khludnev and G. Leugering, “On elastic bodies with thin rigid inclusions and cracks,” Math. Methods

Appl. Sci. 33 (16), 1955—1967 (2010).

. V. Shcherbakov, “Energy release rates for interfacial cracks in elastic bodies with thin semirigid inclusions,”

Z. Angew. Math. Phys. 68, Article 26 (2017).
E. Barbieri and N. M. Pugno, “A computational model for large deformations of composites with a 2D soft
matrix and 1D anticracks,” Int. J. Solids Struct. 77, 1—14 (2015).

. L. G. S. Leite and W. S. Venturini, “Accurate modeling of rigid and soft inclusions in 2D elastic solids by the

boundary element method,” Comput. Struct. 84 (29—30), 1874—1881 (2006).

. E. M. Rudoy, “Numerical solution of an equilibrium problem for an elastic body with a thin delaminated rigid

inclusion,” J. Appl. Ind. Math. 10 (2), 264—276 (2016).

E. M. Rudoy and V. V. Shcherbakov, “Domain decomposition method for a membrane with a delaminated thin
rigid inclusion,” Sib. Electron. Math. Rep. 13, 395—410 (2016).

E. M. Rudoy, “On numerical solving a rigid inclusions problem in 2D elasticity,” Z. Angew. Math. Phys. 68,
Atrticle 19 (2017).

V. D. Korneev and V. M. Sveshnikov, “Parallel algorithms and domain decomposition techniques for solving
three-dimensional boundary value problems on quasi-structured grids,” Numer. Anal. Appl. 9 (2), 141—149
(2016).

Yu. M. Laevskii and A. M. Matsokin, “Decomposition methods for the solution of elliptic and parabolic bound-
ary value problems,” Sib. Zh. Vychisl. Mat. 2 (4), 361—372 (1999).

A. V. Rukavishnikov, “Domain decomposition method and numerical analysis of a fluid dynamics problem,”
Comput. Math. Math. Phys. 54 (9), 1459—1480 (2014).

V. M. Sveshnikov, “Domain decomposition method in problems of high-current electronics,” Sib. Zh. Ind.
Mat. 18 (2), 124—130 (2015).

T. K. Dobroserdova and M. A. Olshanskii, “A finite element solver and energy stable coupling for 3D and
1D fluid models,” Comput. Method. Appl. M 259, 166—176 (2013).

J. Koko, “Uzawa conjugate gradient domain decomposition methods for coupled Stokes flows,” J. Sci. Comput.
26 (2), 195—215 (2006).

G. P. Astrakhantsev, “Domain decomposition method for the problem of bending heterogeneous plate,” Com-
put. Math. Math. Phys. 38 (10), 1686—1694 (1998).

G. Bayada, J. Sabil, and T. Sassi, “Convergence of a Neumann—Dirichlet algorithm for two-body contact prob-
lems with nonlocal Coulomb’s friction law,” ESAIM-Math. Model. Numer. 42 (2), 243—262 (2008).

J. Danék, 1. Hlavacek, and J. Nedoma, “Domain decomposition for generalized unilateral semi-coercive con-
tact problem with given friction in elasticity,” Math. Comput. Simul. 68, 271—300 (2005).

E. M. Rudoy, “Domain Decomposition method for crack problems with nonpenetration condition,” ESAIM-
Math. Model. Numer. 50 (4), 995—1009 (2016).

E. M. Rudoy, N. A. Kazarinov, and V. Yu. Slesarenko, “Numerical simulation of equilibrium of an elastic two-
layer structure with a through crack,” Numer. Anal. Appl. 10 (1), 63—73 (2017).

M. Hintermiiller, V. Kovtunenko, and K. Kunisch, “The primal-dual active set method for a crack problem with
non-penetration,” IMA J. Appl. Math. 69 (1), 1-26 (2004).

M. Hintermiiller, K. Ito, and K. Kunisch, “The primal-dual active set strategy as a semismooth Newton
method,” SIAM J. Optim. 13 (2), 865—888 (2003).

V. A. Kovtunenko, “Numerical simulation of the non-linear crack problem with nonpenetration,” Math. Meth-
ods Appl. Sci. 27 (2), 163—179 (2004).

S. R. Eugster, Geometric Continuum Mechanics and Induced Beam Theories (Springer, New York, 2015).

A. M. Khludnev and V. A. Kovtunenko, Analysis of Cracks in Solids (WIT, Southampton, 2000).

J. Céa, Optimisation: Théorie Et Algorithmes (Dunod, Paris, 1971).

E. M. Rudoy, “Domain decomposition method for a model crack problem with a possible contact of crack
edges,” Comput. Math. Math. Phys. 55 (2), 305—306 (2015).

I. Ekeland and R. Temam, Convex Analysis and Variational Problems (SIAM, Philadelphia, 1999).

. P. Ciarlet, The Finite Element Method for Elliptic Problems (North-Holland, Amsterdam, 1977).

G. Allaire, Numerical Analysis and Optimization: An Introduction to Mathematical Modeling and Numerical Sim-
ulation (Oxford University Press, Oxford, 2007).

A. M. Khludnev and V. V. Shcherbakov, “Singular path-independent energy integrals for elastic bodies with
Euler—Bernoulli inclusions,” Math. Mech. Solids 22 (11), 2180—2195 (2017).
Translated by 1. Ruzanova

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 58 No.5 2018



	1. INTRODUCTION
	2. FORMULATION OF THE PROBLEM
	3. VARIATIONAL FORMULATION OF THE PROBLEM
	4. DECOMPOSITION OF THE PROBLEM
	5. APPROXIMATE PROBLEM
	6. ITERATIVE ALGORITHM
	Algorithm

	7. NUMERICAL EXPERIMENTS
	7.1. Partial Closure of the Crack Faces
	7.2. Complete Opening of the Crack Faces

	ACKNOWLEDGMENTS
	REFERENCES

