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In  this paper,  we  study  the  influence  of deformation  on shear  waves  propagating  at  various  angles  in
hyperelastic  layered  composites  (LCs).  In periodic  laminates,  shear  wave  band  gaps  (forbidden  frequency
ranges)  exist  only  for waves  propagating  perpendicular  to  the layers,  and  the band  gaps  close  suddenly
if  the  incidence  angle  changes  even  slightly.  However,  the attenuation  in  the  frequency  ranges  corre-
sponding  to band  gap  decreases  gradually  with  a change  in  the  angle.  We  find  that  the  dispersion  curves
are  significantly  influenced  by deformation  for  shear  waves  propagating  at oblique  angles.  We show  the
evaluation  of  the  dispersion  from  the  case  of  waves  propagating  perpendicular  to the  layers  to  the  case of
waves  propagating  along  the layers  in finitely  deformed  LCs.  We  observe  significant  influence  of defor-
mation  on  the  dispersion  curves  of  shear  waves  propagating  at  angles  different  from  the  normal  case.  For
waves  propagating  at angles  close  to  the  normal  case,  the dispersion  curves  are  highly  nonlinear,  and  the
ttenuation applied  deformation  changes  the  location  of  the local  minima  and  maxima,  and  further  transforms  them.
For oblique  waves  propagating  at significantly  different  from  normal  case  angles,  we find  that  the  disper-
sion curves  possess  “bi-linear”  behavior,  and  the  applied  tensile  deformation  shifts  the  dispersion  curves
towards  higher  frequency  in  both  linear  short  and  long  wave  ranges.  For  long  wave  ranges,  however,  the
effect  of  deformation  becomes  less  significant  after  some  level  of  applied  deformation.
. Introduction

Elastic wave propagation in solids has been an active topic
f research due to its importance for many applications, such
s seismology, nondestructive testing, acoustic filters, vibration
amper, biomedical imaging and acoustic cloaking. Recently, the
eld of architected microstructured metamaterials for manipulat-

ng elastic wave propagation has attracted significant attention
1–18]. Moreover, soft materials provide an opportunity to con-
rol elastic waves by deformation. This can be achieved through
ifferent effects of applied deformation – changes in microstruc-
ural geometry [19,20] and local material properties [21–25], or
y a combination of these effects [26–28]. Furthermore, the influ-
nce of deformation can be further magnified by utilizing the elastic
nstability phenomenon. Buckling induced microstructure trans-
ormations can lead to formations of new periodic microstructures,
hus, significantly influencing elastic wave propagation [29–32].

xperimental realization of such microstructured materials sig-
ificantly depends on the development in material fabrications
uch as layer-by-layer fabricating and 3D printing techniques;
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these recently emerged techniques already allow manufacturing
of microstructured materials at various length-scales [33–37].

Elastic wave propagation in finitely deformed homogeneous
isotropic materials was pioneered by Biot [38], who  investigated
the influence of various cases of initial stress conditions on elastic
wave propagations. Boulanger et al. [39] derived explicit expres-
sions for phase velocities of shear and pressure waves propagation
in compressible Hadamard materials. To account for the stiffen-
ing effects on elastic wave propagation, Galich et al. [22] studied
the infinitesimal wave propagating in finitely deformed incom-
pressible and compressible Gent materials and derived explicit
expressions for phase velocities. Vinh and Merodio [40] inves-
tigated elastic wave propagation in incompressible transversely
isotropic soft tissue. Vinh et al. [41] examined the influence of
deformation and propagation direction on Rayleigh wave propagat-
ing in incompressible deformable transversely isotropic half-space;
this study has been extended to the case of two family of fiber-
reinforced elastic half-space by Nam et al. [42].

For the case of elastic waves propagating in layered composites
(LCs), the pioneering work by Rytov [43] derived an explicit disper-

sion relation for steady state waves propagating perpendicular and
parallel to the layers. In particular, for the case of waves propagating
perpendicular to the layers, it was  shown that the frequency spec-
trum consisted of an infinite number of modes with stop and pass

https://doi.org/10.1016/j.mechrescom.2017.12.002
http://www.sciencedirect.com/science/journal/00936413
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ig. 1. Schematic of the unit cell and boundary conditions. (a) Periodic LCs with alt
oundary conditions superimposed on the deformed state, (d) Schematic of calcula

ands. Recently, Galich et al. [27] investigated the influence of large
eformation on the elastic waves in deformable laminates. Galich
t al. [27] obtained estimates for long shear waves propagating in
ny direction of the finitely deformed laminates with incompress-
ble neo-Hookean phases. In addition to the long wave estimates,
lassical results of Rytov [43] have been extended to account for the
ffects of finite deformations, thus, allowing investigation of the
nfluence of deformation on shear and pressure wave band gaps
n laminates. Galich et al. [21] also showed that the shear wave
and gaps in (incompressible and compressible) neo-Hookean LCs
o not depend on deformation, as the deformation induced change

n the geometry is fully compensated by the change in the effective
aterial properties.
In this work, we focus on oblique shear waves propagating

n finitely deformed LCs. We  analyse the significant changes in
he wave dispersion as the incidence angle starts to deviate from
he normal case (wave propagation perpendicular to the layers)
owards the oblique case. The most significant aspect is that the
and gaps appear only for waves propagating perpendicular to the

ayers, and the band gaps do not appear if the propagation direc-
ion is changed even slightly. From the experimental point of view,
t is extremely challenging to maintain the exact normal direction,
o that the detection of the phenomenon may  be affected by devia-
ions in the actual propagation direction. While the band gaps close
mmediately, the transmission of the signal does not show a sudden
hange, but exhibit a gradual decrease with a change in the inci-
ence angle from the normal direction. This was experimentally
bserved by Schneider et al. [44], who found strong attenuation in
he band gap area of normal elastic wave propagation in LCs with
lternating poly (methyl methacrylate) and porous silica; more-
ver, Schneider et al. [44] observed that the attenuation changed
ith a change in incidence angle. Here, we specifically focus on the

nfluence of deformation on oblique shear wave propagation.

. Numerical simulations

Let us consider periodic LCs consisted of two alternating nearly
ncompressible neo-Hookean phases with volume fraction va = da/d
nd vb = 1 − va (as shown in Fig. 1(a)). Here and after, the quantities
orresponding to phase a and phase b are denoted by subscripts
•) and (•) , respectively. The constitutive behavior of each phase
a b
s defined through neo-Hookean strain energy function

(
F�

)
= ��

2

(
F� : F� − 3

)
− �� ln

(
J�
)

+ ��

2

(
J� − 1

)2
, (1)
ing phases a and b, (b) Unit cell with periodic boundary conditions, (c) Bloch wave
ansmittance coefficient of shear wave propagating in periodic LCs.

where �� is the first Lame constant, �� is the shear modulus, F� is
the deformation gradient, and J� ≡ det

(
F�

)
, where � stands for a

and b. To maintain a nearly incompressible behavior of the phases,
we set a high ratio between the first Lame constant and shear mod-
ulus (��/�� = 104). In this paper, we  consider LCs in plane strain
condition and apply macroscopic tensile deformation along the
layers (as shown in Fig. 1(b)). The macroscopically applied defor-
mation gradient is expressed as

F� = �−1e1 ⊗ e1 + �e2 ⊗ e2 + e3 ⊗ e3, (2)

where, � is the stretch ratio.

2.1. Bloch wave analysis

To obtain the dispersion relations for shear waves propagat-
ing in finitely deformed LCs, we  employ the Bloch wave analysis
implemented in the finite element based code COMSOL 5.2a. A
unit cell, as shown in Fig. 1(b), is constructed for the simulations.
The height of the unit cell, h, is set to be 0.1d to eliminate redun-
dant eigenvalues and maintain reasonable computational time. The
simulation procedures are performed in two  steps: (Step 1) we
apply an in-plane tension � along the layer by the imposed periodic
boundary conditions (Eq. (3)) to obtain the deformed state; (Step
2) we  superimpose Bloch-Floquet periodic boundary conditions on
the deformed unit cell (Eq. (4)). Then through solving the corre-
sponding eigenvalue problems for a range of Bloch wave vectors
[45–47], the dispersion relations for finitely deformed periodic LCs
are obtained.

Step 1.

{
u1|right = u1|left + u1|B − u1|C

u2|right = u2|left

,⎧⎪⎨
⎪⎩

u1|top = u1|bottom

u2|top = u2|bottom + (� − 1) h

u1|A = u2|A = 0

,

(3)
where the index right, left, top,  and bottom denote the sides of the
unit cell. A, B and C correspond to the nodes at the corner of the
unit cell (see Fig. 1(b)).
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Fig. 2. Dispersion diagram of shear waves pr

Step 2.{
u1|right = u1|lefte

−iK1d

u2|right = u2|lefte
−iK1d

,{
u1|top = u1|bottome−iK2h

u2|top = u2|bottome−iK2h
,

(4)

here K1 and K2 are the components of Bloch wave vector K in the
ndeformed configuration. Note that the Bloch wave vectors in the
ndeformed (K = |K|

(
sin�0e1 + cos�0e2

)
) and deformed config-

rations (k = |k|
(

sin�e1 + cos�e2
)

) are related, namely, k = F−TK
48]. Here, the angles �0 and � define the directions of Bloch
ave vectors in the undeformed and deformed configurations (see

ig. 1(c)), respectively. When the applied deformation takes the
orm of Eq. (2), the angles in the undeformed and deformed config-
rations are related as tan � = �2tan �0. Mesh sensitive analysis has
een conducted to ensure that the relative error of the calculated
requency is less than 10−3.

.2. Transmittance spectra

To analyse the transmittance spectra of the waves propagat-
ng in the periodic LCs, the standard frequency domain analysis is

erformed. A schematic representation of the numerical model is
hown in Fig. 1(d). An array of 32 unit cells is used in the numer-
cal simulations. Two regions of homogenous matrix materials (4
imes length of the period of the unit cell) are added to the left and
ting in LCs (va = 0.20, �a/�b = 100, �a/�b = 1).

right side of the LC. Perfectly matched layers (PMLs) are imposed
on the two  ends of the homogenous matrix regions to eliminate
reflections. In addition, periodic boundary conditions are applied
on the top and bottom boundaries. Finally, a harmonic vertical dis-
placement with small amplitude is applied at the interface (denoted
as the source line in Fig. 1(d)) between the left perfectly matched
layer (PML) and the homogeneous material region. By measuring
the amplitudes of the displacements in the left and right homoge-
nous matrix areas denoted as uout and uin, respectively, we obtain
the transmittance coefficient defined as ϕ = 10lg(uout/uin).

3. Results and discussions

We start from consideration of the influence of small devi-
ation in the wave propagation direction from the normal case
(waves propagating perpendicular to the layers) on the disper-
sion relations. First, we compare the dispersion relations of shear
waves propagating in undeformed and deformed LCs in the direc-
tion (a) perpendicular to the layers (�0 = 	/2) and (b) with a
small deviation from the normal direction (�0 = 89	/180). Here
frequency is normalized as fn = ωd

√
�̄/ �̃/(2	), where ω is the

angular frequency, �̄ = �a�a + �b�b is the average density, and

. �̃ =
(

�a/�a + �b/�a
)−1

. In perfect agreement with the theoretical

results [27,43], the dispesion structure for the normal case is peri-
odic and possesses band gaps (denoted by the shaded grey areas in
Fig. 2(a) and (c)). The first shear wave band gap (BG) is located in the
range of the normalized frequency from 0.45 to 0.55 and it is not
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Fig. 3. Band gaps and transmittance spectra for LC with d = 1m, va = 0.20, �a = 500MPa, �b = 5MPa, �a = �b = 103kg/m3. (a) Band gaps of shear waves propagating perpendicular
to  the layers, (b) Transmittance spectra for shear waves propagating perpendicular to the layers (�0 = 	/2 – dash-dotted black curve) and at a slightly oblique angle (�0 = 89	/180
–  continuous red curve).
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Fig. 4. Dispersion curves for oblique shear waves propagating in LCs 

ffected by deformation (see Fig. 2(a) and (c)). This is in full agree-
ent with the results by Galich et al. [27] that showed that the BGs

or shear waves propagating perpendicular to neo-Hookean lay-
rs were independent of the applied deformation. However, when
he direction of propagation is changed even slightly, for exam-
le, �0 = 89	/180, we observe the absence of BGs (see Fig. 2 (b) for
he undeformed state and Fig. 2 (d) for the deformed state). We

ote that for relatively small normalized wavenumbers (see the
ange from 0 to 4 in Fig. 2(b) and (d)), the dispersion curves for
0 = 89	/180 are somewhat similar to the normal case. We  also
bserve the peak frequencies of the lower branch increase with
.20, �a/�b = 100, �a/�b = 1) subjected to different deformation levels.

an increase in wavenumber (see Fig. 2(b) and (d)), leading to the
absence of the BGs as opposite to the normal case (see Fig. 2(a) and
(c)). Thus, the BGs of the undeformed and deformed LCs disappear
immediately once the direction of wave propagation is changed
from the perpendicular direction.

Next, we illustrate the attenuation characteristics for shear wave
propagation in LCs for two cases: (a) normal case, (b) a small devi-

ation from the normal case. The dispersion curves for shear waves
propagating perpendicular to the layers are plotted in Fig. 3(a), the
transmittance spectra for different incidence angles are plotted in
Fig. 3(b). In the calculation of transmittance spectra of the LCs, the
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ig. 5. Dispersion curves for oblique shear waves propagating at � = 	/6 in LCs wit
d)va = 0.20, �a/�b = 500.

ollowing geometrical and material parameters are used: d = 1 m,
a = 0.20, �a = 500MPa, �b = 5MPa, �a = �b = 103kg/m3. The contin-
ous red curve corresponds to the case of �0 = 89	/180, and the
ash-dotted black curve is for the case of �0 = 	/2. When waves
ropagate perpendicular to the layers (�0 = 	/2), strong attenua-
ions is observed in the frequency range of the band gap. Again,
or the case with a slightly deviation (�0 = 89	/180), there is no
and gap; however, the corresponding attenuations (in the band
ap area of �0 = 	/2) are still significant, although it is reduced as
ompared to the normal case. Thus, the band gaps disappear imme-
iately with a change in the incidence angle, but the transmittance
haracteristics change (decrease) gradually.

To clarify how the dispersion curves of shear wave propaga-
ion in LCs transform from perpendicular to parallel to the layer
irection, we present the dispersion curves for various directions
f shear wave propagation in Fig. 4. We  note that the dispersion
urves are in good agreement with the long wave estimates [27].
xamples of comparisons between the long wave estimates and the
loch wave numerical results are shown in the Appendix A. Fig. 4
hows that the dispersion curves gradually change from �0 = 	/2
o �0 = 0 for the undeformed (a) and finitely stretched (� = 1.2 (b),

 = 1.5 (c), and � = 2.0 (d)) laminates. We  note that in accordance
ith the previous results, the periodicity of the dispersion curves

reaks once the incidence angle change from �0 = 	/2. We  observe

hat for oblique cases the dispersion curves are characterized by
he existence of two typical linear ranges (in the long wave range
nd in the short wave range). However, for the cases that are
b = 1 and (a)va = 0.05, �a/�b = 10; (b)va = 0.05, �a/�b = 500; (c)va = 0.20, �a/�b = 10;

close to the normal case (�0 = 	/2), the transition range between
these two  linear regimes is characterized by significant nonlin-
earities (see, for example, the dispersion curves corresponding to
�0 = 5	/12 in Fig. 4). Remarkably, the dispersion curves are sig-
nificantly influenced by deformation (compare the corresponding
curves in Fig. 4(a) and (c)). For example, for �0 = 5	/12, in the unde-
formed state, there is a prominent local minimum at kd/2	  ≈ 1;
however, application of deformation of � = 1.5 eliminates this local
minimum. Also, for smaller angles, such as �0 ≤ 	/3, we  clearly find
the applied tensile deformation in the direction of the layers leads
to a sharper transition between these two  linear regimes.

Fig. 5 shows the examples of influence of deformation on the
dispersion curves for shear waves propagating at � = 	/6  in LCs
with various volume fractions and stiffness ratio of the phases.
In agreement with our previus results, we also observe that the
dispersion curves have two typical linear ranges, and the nonlin-
earities of the transition range between these two linear regimes
increase with an increasing role of stiffer layers (higher shear
modulus contrast and/or volume fraction of the stiffer layer).
Meanwhile, the tensile deformation shifts the dispersion curves
towards higher frequencies. For example, the LC with va = 0.05 and
�a/�b = 10, the applied deformation of � = 1.5 shifts the frequency
(at kd/2�  = 1.0) from fn = 0.99 (in the undeformed LC) up to 1.47.
Moreover, we observe that for longer waves the influence of defor-

mation becomes less pronounced after certain deformation level
(which depends on the material composition). For example, for LC
with va = 0.2, �a/�b = 500, the applied deformation of � = 1.5 shifts
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Fig. 6. Equifrequency curves of shear waves propagating in undefo

he frequency (at kd/2	  = 0.3) from fn = 0.56 (in the undeformed
C) up to 1.15; whereas the frequency increases only up to 1.20
ith further increase of deformation up to � = 2.0. The correspond-

ng deformation level (after which the influence of deformation
ecomes less pronounced) is lower for LCs with more significant
ole of the stiffer layers (compare Fig. 5(a) and (d)).

To provide more details on the oblique shear waves, we  plot the
quifrequency curves in Fig. 6. Due to the periodic laminate struc-
ure, the equifrequency curves are periodic in the direction of k1,
nd are not periodic in the direction of k2. Specially, for the equifre-
uency curves of undeformed LC in a period (0 ≤ k1d/ (2�) ≤ 1),
e find that the maximum and minimum frequencies at a cer-

ain k2 are always located at k1d/ (2�) = 0.5 and k1d/ (2�) = 0,
espectively (see Fig. 6(a)). However, an increase in k2, leads to
he situation when the equifrequncy curves become smooth, and
he prominent minima/maxima points disappear. Furthermore,
pplied deformation leads to a change in the periodicity due to the
hange in the layer thicknesses, namely, the period of k1 changes
rom �k1d/ (2�) = 1 (in the undeformed state) to �k1d/ (2�) =
.5 for the laminates stretched to � = 1.5 level (see Fig. 6(c)).
he applied deformation significantly influences the shape of the
quifrequency curves. For example, compared with the contour
ines at fn = 0.4, 0.6, 0.8 in the undeformed state (see Fig. 6(a)), we
bserve maximum frequency for a certain k2 gradually changes
rom k1d/ (2�) = 0.5 to k1d/ (2�) = 0 in the deformed state (see
ig. 6(c)). In addition, the deformation also shifts the equifrequency
urves towards higher frequencies. For instance, the curves corre-

ponding to fn = 1.2 in the undeformed and deformed (� = 2.0) states
re located at k2d/ (2�) ≈ 0.97 and 0.30, respectively.
(a) and deformed (b, c and d) LCs (va = 0.20, �a/�b = 100, �a/�b = 1).

4. Conclusion

We  have studied shear waves propagating in finitely deformed
LCs with nearly incompressible neo-Hookean phases. By applica-
tion of Bloch wave analysis superimposed on large deformation,
we obtained the dispersion curves for shear waves propagating at
normal and oblique angles relative to the layers. We  have found that
the band gaps close immediately when the direction of wave propa-
gation changes even slightly from the normal propagation direction
– this is for both undeformed and deformed laminates. The attenu-
ation, however, decreases gradually with a change in the direction
of wave propagation. We  have observed that the dispersion curves
of shear waves propagating in LCs change suddenly when the direc-
tion of propagation changes (even slightly) from perpendicular to
the layer direction. Further change in the propagation direction
leads to a graduate change in the dispersion curves. For small devi-
ation angles (from the normal case), the dispersion curves exhibit
significant nonlinearities; and prominent picks are observed. These
picks evolve with the further change in the angle, and, at certain
oblique propagation direction, the dispersion curves are charac-
terized by two  linear ranges. The transition wavenumber between
these two  linear regimes depends on the LC composition, and the
corresponding transition wavenumber is observed to increase with
an increasing role of stiffer layers (higher shear modulus contrast
and larger volume fraction of the stiffer layer).

The dispersion curves for the oblique waves are found to be sig-
nificantly affected by the applied deformation. In particular, the

highly nonlinear behavior of dispersion curves (for waves prop-
agating at the angles close to the normal case), is significantly
transformed through the applied deformation. More specifically,



 Com

t
f
l
(
r
s
v
o
m
w
f

A

N
p
S
u
F

A
w

j

ω

F
�

J. Li et al. / Mechanics Research

he local minima can be significantly smoothen and even trans-
ormed into local maxima by increasing the applied deformation
evel. Furthermore, for oblique waves propagating at large angles
relative to the normal case) corresponding to the “bi-linear”
egime, we have observed that the increased tensile deformation
hifted the dispersion curves towards higher frequencies. This is
alid for both linear ranges (short and long wave ranges) of the
blique waves. For longer waves, however, the influence of defor-
ation becomes less pronounced after certain deformation level,
hich is defined by LC composition (the deformation level is lower

or LCs with more significant role of the stiffer layers).
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ppendix A. Comparisons of long wave estimates and Bloch
ave numerical analyses
The long wave estimates of shear waves propagating in LCs sub-
ected to any homogeneous deformation can be expressed as

 =
√

b/ �̄, (A. 1)

ig. A1. Comparisons of long wave estimates and numerical analyses for shear waves p
a/�b = 10 (b)va = 0.20, �a/�b = 500 (c)va = 0.05, �a/�b = 10 (d)va = 0.05, �a/�b = 500. The L
munications 87 (2018) 21–28 27

where

b = �̄
(

k · B̄ · k
)

+ ( �̃ − �̄)
(

k · F̄ · m
)2

+ �̄ − �̃

˛2

(
4ˇ2

k

˛
− k2

)  (
 ̨ − ˇ2

k

k2

)
(A.2)

where k is the wave vector,k = |k| is the wavenumber,F̄ = aFa +
bFb is the average deformation gradient; B̄ = F̄ · F̄

T
is the average

left Cauchy-Green deformation tensor; m is the direction of LCs

(see Fig. 1(a));  ̨ = m · C̄
−1 · m, ˇk = k · F̄

T · m, �̄ = �a�a + �b�b.
Here we  show the comparison of the analytical long wave

estimates and Bloch wave numerical results for shear waves prop-
agating in LCs in the direction of Bloch wave vector �0 = 	/12. The
examples are given for LCs subjected to a deformation of � = 1.5.
Fig. A1(a) and (b) show the comparisons for LCs with va = 0.20,
�a/�b = 10 and �a/�b = 500, respectively; Fig. A1(c) and (d) show
the results for va = 0.05, �a/�b = 10 and �a/�b = 500, respectively.
Here we consider LCs with the phases characterized by identical
densities. The continuous black curves represent the Bloch wave
numerical results, and the dash-dotted red curves correspond to
the long wave estimates. For LCs with small volume fractions and
shear modulus

contrasts, such as shown in Fig. A1(c), va = 0.05, �a/�b = 10, the
long wave estimate is in good agreement with the result of sim-
ulation up to the wavelengths comparable to the period of LC.

However, with an increase in volume fraction and shear modu-
lus contrast, the difference increases. For instance, for LCs with
�a/�b = 10, va = 0.05 and va = 0.20, the long wave estimate curves
and Bloch wave numerical curves start to differ after wavenum-

ropagating in LCs with �0 = 	/12. LCs are considered as �a/�b = 1 and (a)va = 0.20,
Cs are subjected to a tension of � = 1.5.
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er kd/ (2	) ≈ 0.4 and 0.2, respectively. For LCs with �a/�b = 1000,
he significantly differences are observed after the wavenum-
er kd/ (2	) ≈ 0.05 (va = 0.05) and 0.03 (va = 0.20) , respectively.
hus, the difference of long wave estimates increases with an
ncrease in volume fraction and shear modulus contrast. This obser-
ation is similar to the one for three dimensional hyperelastic fiber
omposites [47].
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