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a b s t r a c t
In this paper, we study the inﬂuence of deformation on shear waves propagating at various angles in
hyperelastic layered composites (LCs). In periodic laminates, shear wave band gaps (forbidden frequency
ranges) exist only for waves propagating perpendicular to the layers, and the band gaps close suddenly
if the incidence angle changes even slightly. However, the attenuation in the frequency ranges corresponding to band gap decreases gradually with a change in the angle. We ﬁnd that the dispersion curves
are signiﬁcantly inﬂuenced by deformation for shear waves propagating at oblique angles. We show the
evaluation of the dispersion from the case of waves propagating perpendicular to the layers to the case of
waves propagating along the layers in ﬁnitely deformed LCs. We observe signiﬁcant inﬂuence of deformation on the dispersion curves of shear waves propagating at angles different from the normal case. For
waves propagating at angles close to the normal case, the dispersion curves are highly nonlinear, and the
applied deformation changes the location of the local minima and maxima, and further transforms them.
For oblique waves propagating at signiﬁcantly different from normal case angles, we ﬁnd that the dispersion curves possess “bi-linear” behavior, and the applied tensile deformation shifts the dispersion curves
towards higher frequency in both linear short and long wave ranges. For long wave ranges, however, the
effect of deformation becomes less signiﬁcant after some level of applied deformation.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Elastic wave propagation in solids has been an active topic
of research due to its importance for many applications, such
as seismology, nondestructive testing, acoustic ﬁlters, vibration
damper, biomedical imaging and acoustic cloaking. Recently, the
ﬁeld of architected microstructured metamaterials for manipulating elastic wave propagation has attracted signiﬁcant attention
[1–18]. Moreover, soft materials provide an opportunity to control elastic waves by deformation. This can be achieved through
different effects of applied deformation – changes in microstructural geometry [19,20] and local material properties [21–25], or
by a combination of these effects [26–28]. Furthermore, the inﬂuence of deformation can be further magniﬁed by utilizing the elastic
instability phenomenon. Buckling induced microstructure transformations can lead to formations of new periodic microstructures,
thus, signiﬁcantly inﬂuencing elastic wave propagation [29–32].
Experimental realization of such microstructured materials signiﬁcantly depends on the development in material fabrications
such as layer-by-layer fabricating and 3D printing techniques;
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these recently emerged techniques already allow manufacturing
of microstructured materials at various length-scales [33–37].
Elastic wave propagation in ﬁnitely deformed homogeneous
isotropic materials was pioneered by Biot [38], who investigated
the inﬂuence of various cases of initial stress conditions on elastic
wave propagations. Boulanger et al. [39] derived explicit expressions for phase velocities of shear and pressure waves propagation
in compressible Hadamard materials. To account for the stiffening effects on elastic wave propagation, Galich et al. [22] studied
the inﬁnitesimal wave propagating in ﬁnitely deformed incompressible and compressible Gent materials and derived explicit
expressions for phase velocities. Vinh and Merodio [40] investigated elastic wave propagation in incompressible transversely
isotropic soft tissue. Vinh et al. [41] examined the inﬂuence of
deformation and propagation direction on Rayleigh wave propagating in incompressible deformable transversely isotropic half-space;
this study has been extended to the case of two family of ﬁberreinforced elastic half-space by Nam et al. [42].
For the case of elastic waves propagating in layered composites
(LCs), the pioneering work by Rytov [43] derived an explicit dispersion relation for steady state waves propagating perpendicular and
parallel to the layers. In particular, for the case of waves propagating
perpendicular to the layers, it was shown that the frequency spectrum consisted of an inﬁnite number of modes with stop and pass
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Fig. 1. Schematic of the unit cell and boundary conditions. (a) Periodic LCs with alternating phases a and b, (b) Unit cell with periodic boundary conditions, (c) Bloch wave
boundary conditions superimposed on the deformed state, (d) Schematic of calculating transmittance coefﬁcient of shear wave propagating in periodic LCs.

bands. Recently, Galich et al. [27] investigated the inﬂuence of large
deformation on the elastic waves in deformable laminates. Galich
et al. [27] obtained estimates for long shear waves propagating in
any direction of the ﬁnitely deformed laminates with incompressible neo-Hookean phases. In addition to the long wave estimates,
classical results of Rytov [43] have been extended to account for the
effects of ﬁnite deformations, thus, allowing investigation of the
inﬂuence of deformation on shear and pressure wave band gaps
in laminates. Galich et al. [21] also showed that the shear wave
band gaps in (incompressible and compressible) neo-Hookean LCs
do not depend on deformation, as the deformation induced change
in the geometry is fully compensated by the change in the effective
material properties.
In this work, we focus on oblique shear waves propagating
in ﬁnitely deformed LCs. We analyse the signiﬁcant changes in
the wave dispersion as the incidence angle starts to deviate from
the normal case (wave propagation perpendicular to the layers)
towards the oblique case. The most signiﬁcant aspect is that the
band gaps appear only for waves propagating perpendicular to the
layers, and the band gaps do not appear if the propagation direction is changed even slightly. From the experimental point of view,
it is extremely challenging to maintain the exact normal direction,
so that the detection of the phenomenon may be affected by deviations in the actual propagation direction. While the band gaps close
immediately, the transmission of the signal does not show a sudden
change, but exhibit a gradual decrease with a change in the incidence angle from the normal direction. This was experimentally
observed by Schneider et al. [44], who found strong attenuation in
the band gap area of normal elastic wave propagation in LCs with
alternating poly (methyl methacrylate) and porous silica; moreover, Schneider et al. [44] observed that the attenuation changed
with a change in incidence angle. Here, we speciﬁcally focus on the
inﬂuence of deformation on oblique shear wave propagation.

where  is the ﬁrst Lame constant,  is the shear modulus, F is

 

the deformation gradient, and J ≡ det F , where  stands for a
and b. To maintain a nearly incompressible behavior of the phases,
we set a high ratio between the ﬁrst Lame constant and shear modulus ( / = 104 ). In this paper, we consider LCs in plane strain
condition and apply macroscopic tensile deformation along the
layers (as shown in Fig. 1(b)). The macroscopically applied deformation gradient is expressed as
F = −1 e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 ,
where,  is the stretch ratio.

2.1. Bloch wave analysis
To obtain the dispersion relations for shear waves propagating in ﬁnitely deformed LCs, we employ the Bloch wave analysis
implemented in the ﬁnite element based code COMSOL 5.2a. A
unit cell, as shown in Fig. 1(b), is constructed for the simulations.
The height of the unit cell, h, is set to be 0.1d to eliminate redundant eigenvalues and maintain reasonable computational time. The
simulation procedures are performed in two steps: (Step 1) we
apply an in-plane tension  along the layer by the imposed periodic
boundary conditions (Eq. (3)) to obtain the deformed state; (Step
2) we superimpose Bloch-Floquet periodic boundary conditions on
the deformed unit cell (Eq. (4)). Then through solving the corresponding eigenvalue problems for a range of Bloch wave vectors
[45–47], the dispersion relations for ﬁnitely deformed periodic LCs
are obtained.
Step 1.


2. Numerical simulations
Let us consider periodic LCs consisted of two alternating nearly
incompressible neo-Hookean phases with volume fraction va = da /d
and vb = 1 − va (as shown in Fig. 1(a)). Here and after, the quantities
corresponding to phase a and phase b are denoted by subscripts
(•)a and (•)b , respectively. The constitutive behavior of each phase
is deﬁned through neo-Hookean strain energy function

 

W F =


2





 

F : F − 3 −  ln J +

 
2

2

J − 1

,

(1)

(2)

u1 |right = u1 |left + u1 |B − u1 |C
u2 |right = u2 |left

⎧
⎪
⎨
⎪
⎩

,

u1 |top = u1 |bottom
u2 |top

(3)

= u2 |bottom + ( − 1) h ,
u1 |A = u2 |A = 0

where the index right, left, top, and bottom denote the sides of the
unit cell. A, B and C correspond to the nodes at the corner of the
unit cell (see Fig. 1(b)).
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Fig. 2. Dispersion diagram of shear waves propagating in LCs (va = 0.20, a /b = 100, a /b = 1).



Step 2.
u1 |right = u1 |left e−iK1 d

−iK1 d
 u2 |right = u2 |left e

,

u1 |top = u1 |bottom e−iK2 h
u2 |top = u2 |bottom e−iK2 h

(4)
,

where K1 and K2 are the components of Bloch wave vector K in the
undeformed conﬁguration.
Note that the Bloch wave vectors in the

undeformed (K = |K| sin0 e1 + cos0 e2 ) and deformed conﬁg-



right side of the LC. Perfectly matched layers (PMLs) are imposed
on the two ends of the homogenous matrix regions to eliminate
reﬂections. In addition, periodic boundary conditions are applied
on the top and bottom boundaries. Finally, a harmonic vertical displacement with small amplitude is applied at the interface (denoted
as the source line in Fig. 1(d)) between the left perfectly matched
layer (PML) and the homogeneous material region. By measuring
the amplitudes of the displacements in the left and right homogenous matrix areas denoted as uout and uin , respectively, we obtain
the transmittance coefﬁcient deﬁned as ϕ = 10lg(uout /uin ).



urations (k = |k| sine1 + cose2 ) are related, namely, k = F−T K
[48]. Here, the angles  0 and  deﬁne the directions of Bloch
wave vectors in the undeformed and deformed conﬁgurations (see
Fig. 1(c)), respectively. When the applied deformation takes the
form of Eq. (2), the angles in the undeformed and deformed conﬁgurations are related as tan  = 2 tan  0 . Mesh sensitive analysis has
been conducted to ensure that the relative error of the calculated
frequency is less than 10−3 .
2.2. Transmittance spectra
To analyse the transmittance spectra of the waves propagating in the periodic LCs, the standard frequency domain analysis is
performed. A schematic representation of the numerical model is
shown in Fig. 1(d). An array of 32 unit cells is used in the numerical simulations. Two regions of homogenous matrix materials (4
times length of the period of the unit cell) are added to the left and

3. Results and discussions
We start from consideration of the inﬂuence of small deviation in the wave propagation direction from the normal case
(waves propagating perpendicular to the layers) on the dispersion relations. First, we compare the dispersion relations of shear
waves propagating in undeformed and deformed LCs in the direction (a) perpendicular to the layers ( 0 = /2) and (b) with a
small deviation from the normal direction ( 0 = 89 /180). Here
¯ /(2
˜
), where ω is the
frequency is normalized as fn = ωd /
angular frequency, ¯ = a a + b b is the average density, and



−1

.
˜ = a /a + b /a
. In perfect agreement with the theoretical
results [27,43], the dispesion structure for the normal case is periodic and possesses band gaps (denoted by the shaded grey areas in
Fig. 2(a) and (c)). The ﬁrst shear wave band gap (BG) is located in the
range of the normalized frequency from 0.45 to 0.55 and it is not
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Fig. 3. Band gaps and transmittance spectra for LC with d = 1m, va = 0.20, a = 500MPa, b = 5MPa, a = b = 103 kg/m3 . (a) Band gaps of shear waves propagating perpendicular
to the layers, (b) Transmittance spectra for shear waves propagating perpendicular to the layers ( 0 = /2 – dash-dotted black curve) and at a slightly oblique angle ( 0 = 89 /180
– continuous red curve).

Fig. 4. Dispersion curves for oblique shear waves propagating in LCs (va = 0.20, a /b = 100, a /b = 1) subjected to different deformation levels.

affected by deformation (see Fig. 2(a) and (c)). This is in full agreement with the results by Galich et al. [27] that showed that the BGs
for shear waves propagating perpendicular to neo-Hookean layers were independent of the applied deformation. However, when
the direction of propagation is changed even slightly, for example,  0 = 89 /180, we observe the absence of BGs (see Fig. 2 (b) for
the undeformed state and Fig. 2 (d) for the deformed state). We
note that for relatively small normalized wavenumbers (see the
range from 0 to 4 in Fig. 2(b) and (d)), the dispersion curves for
 0 = 89 /180 are somewhat similar to the normal case. We also
observe the peak frequencies of the lower branch increase with

an increase in wavenumber (see Fig. 2(b) and (d)), leading to the
absence of the BGs as opposite to the normal case (see Fig. 2(a) and
(c)). Thus, the BGs of the undeformed and deformed LCs disappear
immediately once the direction of wave propagation is changed
from the perpendicular direction.
Next, we illustrate the attenuation characteristics for shear wave
propagation in LCs for two cases: (a) normal case, (b) a small deviation from the normal case. The dispersion curves for shear waves
propagating perpendicular to the layers are plotted in Fig. 3(a), the
transmittance spectra for different incidence angles are plotted in
Fig. 3(b). In the calculation of transmittance spectra of the LCs, the
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Fig. 5. Dispersion curves for oblique shear waves propagating at  = /6 in LCs with a /b = 1 and (a)va = 0.05, a /b = 10; (b)va = 0.05, a /b = 500; (c)va = 0.20, a /b = 10;
(d)va = 0.20, a /b = 500.

following geometrical and material parameters are used: d = 1 m,

va = 0.20, a = 500MPa, b = 5MPa, a = b = 103 kg/m3 . The continuous red curve corresponds to the case of  0 = 89 /180, and the
dash-dotted black curve is for the case of  0 = /2. When waves
propagate perpendicular to the layers ( 0 = /2), strong attenuations is observed in the frequency range of the band gap. Again,
for the case with a slightly deviation ( 0 = 89 /180), there is no
band gap; however, the corresponding attenuations (in the band
gap area of  0 = /2) are still signiﬁcant, although it is reduced as
compared to the normal case. Thus, the band gaps disappear immediately with a change in the incidence angle, but the transmittance
characteristics change (decrease) gradually.
To clarify how the dispersion curves of shear wave propagation in LCs transform from perpendicular to parallel to the layer
direction, we present the dispersion curves for various directions
of shear wave propagation in Fig. 4. We note that the dispersion
curves are in good agreement with the long wave estimates [27].
Examples of comparisons between the long wave estimates and the
Bloch wave numerical results are shown in the Appendix A. Fig. 4
shows that the dispersion curves gradually change from  0 = /2
to  0 = 0 for the undeformed (a) and ﬁnitely stretched ( = 1.2 (b),
 = 1.5 (c), and  = 2.0 (d)) laminates. We note that in accordance
with the previous results, the periodicity of the dispersion curves
breaks once the incidence angle change from  0 = /2. We observe
that for oblique cases the dispersion curves are characterized by
the existence of two typical linear ranges (in the long wave range
and in the short wave range). However, for the cases that are

close to the normal case ( 0 = /2), the transition range between
these two linear regimes is characterized by signiﬁcant nonlinearities (see, for example, the dispersion curves corresponding to
 0 = 5 /12 in Fig. 4). Remarkably, the dispersion curves are signiﬁcantly inﬂuenced by deformation (compare the corresponding
curves in Fig. 4(a) and (c)). For example, for  0 = 5 /12, in the undeformed state, there is a prominent local minimum at kd/2 ≈ 1;
however, application of deformation of  = 1.5 eliminates this local
minimum. Also, for smaller angles, such as  0 ≤ /3, we clearly ﬁnd
the applied tensile deformation in the direction of the layers leads
to a sharper transition between these two linear regimes.
Fig. 5 shows the examples of inﬂuence of deformation on the
dispersion curves for shear waves propagating at  = /6 in LCs
with various volume fractions and stiffness ratio of the phases.
In agreement with our previus results, we also observe that the
dispersion curves have two typical linear ranges, and the nonlinearities of the transition range between these two linear regimes
increase with an increasing role of stiffer layers (higher shear
modulus contrast and/or volume fraction of the stiffer layer).
Meanwhile, the tensile deformation shifts the dispersion curves
towards higher frequencies. For example, the LC with va = 0.05 and
a /b = 10, the applied deformation of  = 1.5 shifts the frequency
(at kd/2 = 1.0) from fn = 0.99 (in the undeformed LC) up to 1.47.
Moreover, we observe that for longer waves the inﬂuence of deformation becomes less pronounced after certain deformation level
(which depends on the material composition). For example, for LC
with va = 0.2, a /b = 500, the applied deformation of  = 1.5 shifts
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Fig. 6. Equifrequency curves of shear waves propagating in undeformed (a) and deformed (b, c and d) LCs (va = 0.20, a /b = 100, a /b = 1).

the frequency (at kd/2 = 0.3) from fn = 0.56 (in the undeformed
LC) up to 1.15; whereas the frequency increases only up to 1.20
with further increase of deformation up to  = 2.0. The corresponding deformation level (after which the inﬂuence of deformation
becomes less pronounced) is lower for LCs with more signiﬁcant
role of the stiffer layers (compare Fig. 5(a) and (d)).
To provide more details on the oblique shear waves, we plot the
equifrequency curves in Fig. 6. Due to the periodic laminate structure, the equifrequency curves are periodic in the direction of k1 ,
and are not periodic in the direction of k2 . Specially, for the equifrequency curves of undeformed LC in a period (0 ≤ k1 d/ (2) ≤ 1),
we ﬁnd that the maximum and minimum frequencies at a certain k2 are always located at k1 d/ (2) = 0.5 and k1 d/ (2) = 0,
respectively (see Fig. 6(a)). However, an increase in k2 , leads to
the situation when the equifrequncy curves become smooth, and
the prominent minima/maxima points disappear. Furthermore,
applied deformation leads to a change in the periodicity due to the
change in the layer thicknesses, namely, the period of k1 changes
from k1 d/ (2) = 1 (in the undeformed state) to k1 d/ (2) =
1.5 for the laminates stretched to  = 1.5 level (see Fig. 6(c)).
The applied deformation signiﬁcantly inﬂuences the shape of the
equifrequency curves. For example, compared with the contour
lines at fn = 0.4, 0.6, 0.8 in the undeformed state (see Fig. 6(a)), we
observe maximum frequency for a certain k2 gradually changes
from k1 d/ (2) = 0.5 to k1 d/ (2) = 0 in the deformed state (see
Fig. 6(c)). In addition, the deformation also shifts the equifrequency
curves towards higher frequencies. For instance, the curves corresponding to fn = 1.2 in the undeformed and deformed ( = 2.0) states
are located at k2 d/ (2) ≈ 0.97 and 0.30, respectively.

4. Conclusion
We have studied shear waves propagating in ﬁnitely deformed
LCs with nearly incompressible neo-Hookean phases. By application of Bloch wave analysis superimposed on large deformation,
we obtained the dispersion curves for shear waves propagating at
normal and oblique angles relative to the layers. We have found that
the band gaps close immediately when the direction of wave propagation changes even slightly from the normal propagation direction
– this is for both undeformed and deformed laminates. The attenuation, however, decreases gradually with a change in the direction
of wave propagation. We have observed that the dispersion curves
of shear waves propagating in LCs change suddenly when the direction of propagation changes (even slightly) from perpendicular to
the layer direction. Further change in the propagation direction
leads to a graduate change in the dispersion curves. For small deviation angles (from the normal case), the dispersion curves exhibit
signiﬁcant nonlinearities; and prominent picks are observed. These
picks evolve with the further change in the angle, and, at certain
oblique propagation direction, the dispersion curves are characterized by two linear ranges. The transition wavenumber between
these two linear regimes depends on the LC composition, and the
corresponding transition wavenumber is observed to increase with
an increasing role of stiffer layers (higher shear modulus contrast
and larger volume fraction of the stiffer layer).
The dispersion curves for the oblique waves are found to be signiﬁcantly affected by the applied deformation. In particular, the
highly nonlinear behavior of dispersion curves (for waves propagating at the angles close to the normal case), is signiﬁcantly
transformed through the applied deformation. More speciﬁcally,
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the local minima can be signiﬁcantly smoothen and even transformed into local maxima by increasing the applied deformation
level. Furthermore, for oblique waves propagating at large angles
(relative to the normal case) corresponding to the “bi-linear”
regime, we have observed that the increased tensile deformation
shifted the dispersion curves towards higher frequencies. This is
valid for both linear ranges (short and long wave ranges) of the
oblique waves. For longer waves, however, the inﬂuence of deformation becomes less pronounced after certain deformation level,
which is deﬁned by LC composition (the deformation level is lower
for LCs with more signiﬁcant role of the stiffer layers).
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Appendix A. Comparisons of long wave estimates and Bloch
wave numerical analyses
The long wave estimates of shear waves propagating in LCs subjected to any homogeneous deformation can be expressed as
ω=

b/,
¯

(A. 1)

where
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2

b=
¯ k · B̄ · k + (
˜ − )
¯ k · F̄ · m
+

˜

¯ −
˛2

2

4ˇk
− k2
˛

˛−

ˇk2

(A.2)

k2

where k is the wave vector,k = |k| is the wavenumber,F̄ =
T

a Fa

+

is the average deformation gradient; B̄ = F̄ · F̄ is the average
left Cauchy-Green deformation tensor; m is the direction of LCs
b Fb

−1

T

(see Fig. 1(a)); ˛ = m · C̄ · m, ˇk = k · F̄ · m, 
¯ = a a + b b .
Here we show the comparison of the analytical long wave
estimates and Bloch wave numerical results for shear waves propagating in LCs in the direction of Bloch wave vector  0 = /12. The
examples are given for LCs subjected to a deformation of  = 1.5.
Fig. A1(a) and (b) show the comparisons for LCs with va = 0.20,
a /b = 10 and a /b = 500, respectively; Fig. A1(c) and (d) show
the results for va = 0.05, a /b = 10 and a /b = 500, respectively.
Here we consider LCs with the phases characterized by identical
densities. The continuous black curves represent the Bloch wave
numerical results, and the dash-dotted red curves correspond to
the long wave estimates. For LCs with small volume fractions and
shear modulus
contrasts, such as shown in Fig. A1(c), va = 0.05, a /b = 10, the
long wave estimate is in good agreement with the result of simulation up to the wavelengths comparable to the period of LC.
However, with an increase in volume fraction and shear modulus contrast, the difference increases. For instance, for LCs with
a /b = 10, va = 0.05 and va = 0.20, the long wave estimate curves
and Bloch wave numerical curves start to differ after wavenum-

Fig. A1. Comparisons of long wave estimates and numerical analyses for shear waves propagating in LCs with  0 = /12. LCs are considered as a /b = 1 and (a)va = 0.20,
a /b = 10 (b)va = 0.20, a /b = 500 (c)va = 0.05, a /b = 10 (d)va = 0.05, a /b = 500. The LCs are subjected to a tension of  = 1.5.
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ber kd/ (2 ) ≈ 0.4 and 0.2, respectively. For LCs with a /b = 1000,
the signiﬁcantly differences are observed after the wavenumber kd/ (2 ) ≈ 0.05 (va = 0.05) and 0.03 (va = 0.20) , respectively.
Thus, the difference of long wave estimates increases with an
increase in volume fraction and shear modulus contrast. This observation is similar to the one for three dimensional hyperelastic ﬁber
composites [47].
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