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 A B S T R A C T

Elastic instabilities, once regarded purely as a failure mode, are now routinely harnessed to program the 
response of soft architected materials. Here we show that the onset of buckling in a layered composite 
can be tuned without changing how much stiff material it contains, simply by rearranging the layers. We 
consider laminates in which stiff layers, embedded in a soft matrix, are separated by two alternating gaps. We 
analyse their stability with an analytical model, a complementary sandwich-beam approximation for closely 
spaced layers, and Bloch–Floquet finite element simulations. At a fixed volume fraction, the evenly spaced 
(periodic) arrangement is the most stable, whereas the critical strain is lowest when the smallest gap becomes 
comparable to the layer thickness. By comparing the two extreme arrangements, we find that the periodic 
composite switches from short-wavelength wrinkling to long-wavelength macroscopic buckling at a lower 
volume fraction than the least stable arrangement, leaving a window in which the two arrangements fail 
in qualitatively different ways. Deviating from perfect periodicity thus offers some degree of tunability, but 
in practical applications one must not uncritically rely on predictions from periodic composites if periodicity 
during manufacturing cannot be guaranteed.
1. Introduction

The loss of stability has been historically treated on par with failure, 
which must be avoided in the engineering systems at any cost. Indeed, 
the buckling is associated with loss of the major fraction of the load-
bearing capacity of the structures [1], and in laminated composites 
it is often closely linked to delamination, which both originates from 
and promotes local buckling [2]. At the same time, it has recently 
become apparent that the significant changes in the shape and me-
chanical properties that accompany the loss of the stability can be 
purposefully harnessed in the design of new materials [3–7]. In contrast 
with the failure/fracture, the elastic buckling is a reversible process, 
and the removal of the external load usually restores the initial shape 
of the material. Simultaneously, the loss of stability enables effects such 
as bistability, allowing the coexistence of multiple stable states [8]. 
Therefore it is not surprising that the instability-inspired motifs can be 
traced in the design of modern mechanical metamaterials [9–12] and 
architected structures [13–16]. Despite the variety of design ideas en-
abling advanced behaviour in metamaterials [17–21], the simple elastic 
buckling continues to be one of the most exploited phenomenon. The 
local buckling was not only useful to create the materials with variable 
stiffness [22–24], but was also successfully employed to harvest elastic 
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energy, control propagation of the elastic waves, and create multistable 
systems [25–29].

While materials and structures of various designs can undergo buck-
ling, laminated and fibre composites remain, probably, the most studied 
ones. Starting from the early studies of fibre and layer microbuck-
ling [30,31], each subsequent work increased the understanding of 
the elastic instabilities phenomena in layered and fibre composites. 
The onsets of macroscopic instabilities, characterised by wavelengths 
significantly larger than the microstructure characteristic size, in hyper-
elastic media, were studied using loss of ellipticity analysis combined 
with a phenomenological material model for transversely isotropic 
fibre composites under compression [32–34]. Micromechanics-based 
homogenisation has also proved to be an effective tool for predict-
ing the onset of macroscopic instabilities [35]. More involved Bloch–
Floquet technique was successfully implemented to search for the 
microscopic (as well as macroscopic) instabilities in the fibrous and 
layered media [31,36–38], and has since been applied to a broad range 
of soft periodic composites [39–42]. The competition between local 
wrinkling and global long-wave buckling in multi-layered composites 
has by now been examined both theoretically and experimentally, and 
the conditions selecting one mode or the other have been mapped 
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over a broad parameter space [43–46]. In general, this framework has 
been extended to rate-dependent constituents, revealing the role of 
viscoelasticity in microstructural buckling of soft particulate compos-
ites [47] and of visco-hyperelastic laminates [48,49]. Moreover, due 
to the intrinsic connection between instabilities and elastic waves, the 
Bloch–Floquet analysis simultaneously enables an efficient way to study 
the propagation of elastic waves prior to [27], in the vicinity of [50], 
and in the post-buckling regime of instabilities [51].

As shown for instance in [40,48,51], for the relatively simple com-
posite geometries and under small or moderate deformation the dif-
ference between the stability of composites with elastic (Hookean) 
and hyperelastic (neo-Hookean) is not significant. For the periodic 
layered composites with linear elastic constituents, the rigorous study 
by Parnes and Chiskis [52], provides accurate estimates of the onsets of 
macroscopic and microscopic instabilities using direct stress and strain 
calculations for stiff and soft constituents. At the same time, even under 
linear elastic assumption, the previous studies were mostly focused on 
the analysis of the stability for fibre and layer composites with either 
strictly periodic structure [31,52,53], or randomly distributed stiff lay-
ers/fibres [54]. A separate line of work concerns not the arrangement 
of the layers but what is located between them. Introducing a third 
phase of finite thickness between the stiff layer and the matrix strongly 
affects the onset of buckling, and such three-phase laminates exhibit a 
rich variety of coexisting instability modes whose selection is governed 
by the stiffness and the thickness of the intermediate layer [55–59]. 
Here, we show that by keeping the volume fraction of the stiff phase 
constant and deviating from the ideally periodic geometry, the stability 
of the layered composites can be tuned. The considered geometry can 
be seen as a minimal viable case of composites and instability-driven 
metamaterials in which the onset of buckling is altered purely by the 
arrangement of the layers, while the constituents, their amount and the 
thickness of the layers all remain unchanged. In particular, we consider 
layered composites with alternating distances between the layers. This 
arrangement lies between two classical arrangements – strictly periodic 
and fully random. We reveal both analytically and numerically that 
the composite with ideal periodicity is the most stable, while the 
lowest critical strain corresponds to the geometry in which the distance 
between the closest neighbouring layers is equal to the thickness of the 
stiff layers. By modifying the periodicity we show how the stability of 
the layered composite might deteriorate even while the volume fraction 
remains constant. The relative simplicity of this geometry allows us to 
extend the classical analysis [52] to the case of two unequal gaps and 
to obtain a closed-form estimate of the critical strain, from which an 
explicit expression for the least stable arrangement follows. We further 
demonstrate that the transition between microscopic wrinkling and 
macroscopic long-wave buckling occurs at different volume fractions 
for the two limiting arrangements, leaving a finite window in which 
composites with the same composition lose stability in qualitatively 
different ways.

2. Geometry and materials

The geometry of conventional periodic laminate composites in two 
dimensions can be defined through only two parameters, for instance a 
period and volume fraction of the stiff phase. In the case of the layered 
composites, that are considered in this manuscript, the introduction of 
the additional parameter describing the ratio of the distances between 
left and right neighbours of the selected layer is needed. We refer to 
such laminates, in which the stiff layers retain a common period but 
the spacing between successive layers alternates between two values, 
as layered composites with alternating interlayer spacing (Fig.  1a). 
To describe the geometry of the considered composites consisting of 
the layers/fibres with thickness 𝑐𝑓 , separated by gaps of thicknesses 
𝑐1𝑚 and 𝑐2𝑚, we introduce two parameters: volume fraction of layers 
𝑣𝑓 = 2𝑐𝑓∕(2𝑐𝑓+𝑐1𝑚+𝑐

2
𝑚) and ratio between gap thicknesses 𝑓 = 𝑐1𝑚∕𝑐

2
𝑚 ≤ 1

(without loss of generality, 𝑐1 ≤ 𝑐2  and 𝑓 ≤ 1).
𝑚 𝑚

2 
For some derivations it is favourable to introduce another parameter 
𝑞 = 𝑐1𝑚∕𝑐𝑓  to describe the relation between the minimal gap and the 
thickness of the layers. The three geometric factors 𝑣𝑓 , 𝑓 and 𝑞 are 
mutually connected as follow 

𝑓 =
𝑞𝑣𝑓

2 − 𝑞𝑣𝑓 − 2𝑣𝑓
(2.1)

Throughout the manuscript the constituents of the layered compos-
ites are considered to be linear elastic (if not mentioned opposite), 
with 𝐸𝑚 = 1 MPa and 𝜈𝑚 = 0.49 the Young’s modulus and Pois-
son’s ratio for the soft matrix material, respectively, and 𝐸𝑓  and 𝜈𝑓
being the Young’s modulus and the Poisson’s ratio of stiff material, 
correspondingly. For following derivations, it is useful to distinguish 
between tensile modulus 𝐸𝑡

𝑓  and bending modulus 𝐸𝑏
𝑓  of the fibre. 

While for the homogeneous and isotropic fibre 𝐸𝑡
𝑓 = 𝐸𝑏

𝑓 , this equality 
does not hold under sandwich beam assumption (see Section 4). The 
linear elastic description restricts the quantitative validity of the results 
to sufficiently small critical strains, although the qualitative conclusions 
are not expected to depend on this assumption.

3. Theoretical

The classical estimation of the buckling strain in both macroscopic 
and microscopic regimes for periodic layered composites was provided 
by Parnes and Chiskis [52], who treated the stiff layers as Euler–
Bernoulli beams on an elastic foundation formed by the matrix, with the 
interfacial stresses obtained from an explicit plane-strain elasticity solu-
tion. This route differs from the transfer matrix formulations employed 
for Bloch analyses of finitely strained layered media [31,37]. Here, 
we rely on the method of [52], but take into account the alternating 
interlayer spacing: the two matrix gaps adjacent to a given layer now 
have different widths, and each interface therefore contributes its own 
foundation term. Treating the stiff layers as Euler–Bernoulli beams 
embedded in an elastic foundation (matrix), the equilibrium equation 
for the single layer in the composites under compression force 𝑃  can 
be written as 

𝛼
𝑑4𝑉 (𝑋)
𝑑𝑋4

+ ℎ𝑓𝜎𝑓
𝑑2𝑉 (𝑋)
𝑑𝑋2

−
ℎ𝑓
2

𝑑(𝜎1𝑥𝑦 + 𝜎2𝑥𝑦)

𝑑𝑋
+ (𝜎1𝑦𝑦 + 𝜎2𝑦𝑦) = 0, (3.1)

where 𝛼 = 𝐸𝑏
𝑓ℎ

3
𝑓∕12 is the flexural rigidity, 𝜎𝑖𝑥𝑦 and 𝜎𝑖𝑦𝑦 are the shear 

and compressive stresses acting on the interface between stiff layer 
and matrix with the superscript 𝑖 = 1, 2 for left and right interfaces, 
respectively (see Fig.  1). From Eq. (3.1), the critical stress can be 
expressed as 

𝜎𝑓 = − 1
𝑑𝑉 2(𝑋)∕𝑑𝑋2

[

𝜎1𝑦𝑦 + 𝜎2𝑦𝑦
ℎ𝑓

− 1
2

𝑑(𝜎1𝑥𝑦 + 𝜎2𝑥𝑦)

𝑑𝑋
+

𝐸𝑏
𝑓ℎ

2
𝑓

12
𝑑4𝑉 (𝑋)
𝑑𝑋4

]

(3.2)

To find the expressions for 𝜎𝑖𝑥𝑦 and 𝜎𝑖𝑦𝑦, first we solve the problem for 
the displacement 𝑢𝑖(𝑥, 𝑦) and 𝑣𝑖(𝑥, 𝑦) in matrix (left and right parts), 
which are searched in form
𝑢𝑖(𝑥, 𝑦) =

[

𝐵𝑖
1 sinh(𝑘𝑦) + 𝐵𝑖

2 cosh(𝑘𝑦)
]

sin(𝑘𝑥) (3.3)

𝑣𝑖(𝑥, 𝑦) =
[

𝐴𝑖
1 cosh(𝑘𝑦) + 𝐴𝑖

2 sinh(𝑘𝑦)
]

cos(𝑘𝑥), (3.4)

where 𝑘 = 2𝜋∕𝐿 is the corresponding wavenumber (Fig.  1c), 𝐴𝑗
𝑖  and 

𝐵𝑖
𝑗 are the constants that can be found from the Navier–Lamé equa-

tions together with the boundary conditions, namely the continuity 
of the displacements with the deflection of the buckled layer at the 
layer–matrix interfaces, as

𝐴𝑖
1 = 𝑎

(𝑅 − 𝑐𝑓 𝑐𝑖𝑚𝑘
2) sinh(𝑘𝑐𝑖𝑚) + 𝑘𝑐𝑖𝑚 cosh(𝑘𝑐𝑖𝑚)

𝑘𝑐𝑖𝑚 + 𝑅 sinh(𝑘𝑐𝑖𝑚) cosh(𝑘𝑐𝑖𝑚)
(3.5)

𝐴𝑖
2 =

𝑐𝑓𝑘𝑎 cosh(𝑘𝑐𝑖𝑚) − 𝑎 sinh(𝑘𝑐𝑖𝑚)
𝑖 𝑖 𝑖 (3.6)
𝑘𝑐𝑚 + 𝑅 sinh(𝑘𝑐𝑚) cosh(𝑘𝑐𝑚)
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Fig. 1. (a) Schematic of the layered composite with alternating interlayer spacing and of the geometric parameters used throughout the manuscript. (b) Unit 
cells describing the geometry of the composite and used for Bloch–Floquet analysis. (c) The example of buckling of periodic composite (𝑓 = 1). (d) The example 
of buckling of composite with closely located layers (𝑞 = 1).
𝐵𝑖
1 = −

[

𝐴𝑖
1 + 𝑅𝐴𝑖

2
]

(3.7)

𝐵𝑖
2 = −𝐴𝑖

2 (3.8)

𝑅 =
𝜆 + 3𝜇
𝜆 + 𝜇

(3.9)

The following expressions for stresses 𝜎𝑖𝑥𝑦 and 𝜎𝑖𝑦𝑦 under the assumption 
of linear elasticity and plane-strain conditions can be then obtained 
after several mathematical simplifications.
𝜎𝑖𝑦𝑦 = 2𝜇𝑘𝑎𝛩𝑖

𝑦𝑦 cos(𝑘𝑥) (3.10)

𝜎𝑖𝑥𝑦 = −2𝜇𝑘𝑎𝛩𝑖
𝑥𝑦 sin(𝑘𝑥), (3.11)

where

𝛩𝑖
𝑦𝑦 =

𝜇𝜙𝑓 cosh(𝜙𝑖
𝑚) sinh(𝜙

𝑖
𝑚) + (𝜆 + 𝜇)𝜙𝑓𝜙𝑖

𝑚 + (𝜆 + 𝜇) sinh2(𝜙𝑖
𝑚)

(𝜆 + 3𝜇) sinh(𝜙𝑖
𝑚) cosh(𝜙𝑖

𝑚) + 𝜙𝑖
𝑚(𝜆 + 𝜇)

(3.12)

𝛩𝑖
𝑥𝑦 =

𝜙𝑓 (𝜆 + 2𝜇) cosh2(𝜙𝑖
𝑚) + 𝜇 sinh(𝜙𝑖

𝑚) cosh(𝜙
𝑖
𝑚) + 𝜙𝑖

𝑚(𝜆 + 𝜇)
(𝜆 + 3𝜇) sinh(𝜙𝑖

𝑚) cosh(𝜙𝑖
𝑚) + 𝜙𝑖

𝑚(𝜆 + 𝜇)
(3.13)

and 𝜙𝑓 = 𝑘𝑐𝑓 , 𝜙𝑖
𝑚 = 𝑘𝑐𝑖𝑚.

Applying Eq. (3.11) into Eq. (3.2) yields 

𝜎𝑓 = 𝜇
[

𝛩1
𝑥𝑦 +

1
𝜙𝑓

𝛩1
𝑦𝑦

]

+ 𝜇
[

𝛩2
𝑥𝑦 +

1
𝜙𝑓

𝛩2
𝑦𝑦

]

+
𝐸𝑏
𝑓𝜙

2
𝑓

3
(3.14)

After another series of simplifications, the final expression for the 𝜎𝑓
takes form 

𝜎𝑓 = 𝜇𝑄1 + 𝜇𝑄2 +
𝐸𝑏
𝑓𝜙

2
𝑓

3
, (3.15)

where

𝑄𝑖 = 2 +
1 + 𝑓1 𝛹 𝑖 (3.16)

𝜙𝑓

3 
𝛹 𝑖 =
(sinh(𝜙𝑖

𝑚) − 𝜙𝑓 cosh(𝜙𝑖
𝑚))

2

(2 + 𝑓1) sinh(𝜙𝑖
𝑚) cosh(𝜙𝑖

𝑚) + 𝑓1𝜙𝑖
𝑚

(3.17)

𝑓1 =
𝜆 + 𝜇
𝜇

(3.18)

Applying Hooke’s law, one can find the critical strain as 

𝜀𝑐𝑟 = 𝛤
[

2 +
1 + 𝑓1
𝜙𝑓

(

𝛹 1 + 𝛹 2

2

)]

+
𝐸𝑏
𝑓

𝐸𝑡
𝑓

𝜙2
𝑓

3
, (3.19)

where 𝛤 = 2𝜇∕𝐸𝑡
𝑓  for plane stress and 𝛤 = 2𝜇(1−𝜈𝑓 )∕𝐸𝑡

𝑓  for plane strain 
conditions. One may notice that Eq. (3.19) is equivalent to (2.11a) from 
Parnes and Chiskis [52] when 𝛹 1 = 𝛹 2, which corresponds to ideally 
periodic composites (𝑐1𝑚 = 𝑐2𝑚 and 𝐸𝑡

𝑓 = 𝐸𝑏
𝑓 ). While a rigorous term-by-

term physical interpretation of Eq. (3.19) is not straightforward, the 
last term, proportional to 𝜙2

𝑓 , originates from the flexural rigidity and 
represents the resistance of the stiff layer itself to bending.

For the selected geometric parameters of the composite and elastic 
constants of the constituents, Eq. (3.19) still explicitly depends on the 
buckling wavelength. Therefore, to find the actual buckling strain, one 
needs to find the minimal value of 𝜀𝑐𝑟 with respect to 𝐿 (or 𝑘). In other 
words, the critical strain corresponds to the case, for which 
𝑑𝜀
𝑑𝑘

= 0 (3.20)

For ideally periodic composites, solving Eq. (3.20) is equivalent to 
solving 𝑑𝜀

𝑑𝜙𝑓
= 0, as shown in [52], which is a convenient route to 

the analytical expressions for 𝑘𝑐𝑟 and 𝜀𝑐𝑟. For 𝑣𝑓 → 0 the critical 
𝜀𝑐𝑟 ≈

[

2(2+𝑓1)
3𝛤 (1+𝑓1)

]−2∕3
 [52]. The same routine can be applied to the 

composites with alternating spacing considered here: for a given geom-
etry (parameters 𝑐𝑓 , 𝑐1𝑚, 𝑐2𝑚) the minimum of Eq. (3.19) is found using 
Eq. (3.20).In practice, this minimum is found by evaluating Eq. (3.19) 
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on a fine grid of wavenumbers and taking the smallest value. The 
dependence is smooth and, in the microscopic regime, has a single 
interior minimum (Fig.  2a), so that no more elaborate optimisation is 
needed. In the macroscopic regime it decreases monotonically and the 
minimum is attained at the lower end of the considered range (Fig. 
2b). A further question can also be posed for these materials: at a fixed 
volume fraction, which arrangement of layers yields the least and the 
most stable composite?

To reformulate this question in a more rigorous sense, recall that 
fixing 𝑣𝑓  still leaves the parameter 𝑓 free, whereas the wavenumber 
𝑘 remains free and is determined separately by the minimisation in 
Eq. (3.20). The question of which arrangement provides the least 
and the most stable composite at constant 𝑣𝑓  therefore amounts to 
redistributing the matrix between the two gaps. This optimisation is 
carried out in Section 6.2, where we show that the ideally periodic 
arrangement is the most stable and that the lowest critical strain is 
reached for 𝑞 ≈ 1.

4. Theoretical sandwich beam model

As an alternate approach, for low values of 𝑓 , considered composite 
can be treated as conventional periodic layered composites with em-
bedded sandwich beam, an approach used to describe the buckling of 
a stiff lamella sandwiched between two soft layers [60]. The effective 
tensile 𝐸𝑡 and bending 𝐸𝑏 moduli can be expressed as [60,61]

𝐸𝑡 =
2𝐸𝑓 (𝑐𝑓 ) + 𝐸𝑚(𝑐1𝑚)

2(𝑐𝑓 ) + (𝑐1𝑚)
(4.1)

𝐸𝑏 =
𝐸𝑓 (8(𝑐𝑓 )3 + 12(𝑐𝑓 )2(𝑐1𝑚) + 6(𝑐𝑓 )(𝑐1𝑚)

2) + 𝐸𝑚(𝑐1𝑚)
3

(2(𝑐𝑓 ) + (𝑐1𝑚))3
(4.2)

The additional brackets are added in Eq. (4.2) to avoid confusion 
between superscripts and exponents. The critical strain 𝜀𝑐𝑟 for the 
composite with periodically embedded sandwich beams can then be es-
timated by substituting the effective moduli of Eq. (4.2) into Eq. (3.19) 
and setting 𝛹 1 = 0, which gives 

𝜀𝑐𝑟 = 𝛤
[

2 +
1 + 𝑓1
𝜙𝑓

(

𝛹 2

2

)]

+
𝐸𝑏
𝑓

𝐸𝑡
𝑓

𝜙2
𝑓

3
, (4.3)

where 𝛤 = 2𝜇∕𝐸𝑡
𝑓  for plane stress and 𝛤 = 2𝜇(1 − 𝜈𝑓 )∕𝐸𝑡

𝑓  for plane 
strain conditions. For small 𝑣𝑓  the outer gap 𝑐2𝑚 becomes much larger 
than the critical wavelength, so that each pair of closely spaced layers, 
together with the thin gap separating them, behaves as an isolated 
composite beam embedded in an effectively infinite matrix. At larger 
volume fractions the neighbouring pairs interact through the outer gap, 
and the overall behaviour departs from the assumed composite-beam 
form.

5. Numerical analysis

In order to numerically identify the onsets of instabilities, the Bloch–
Floquet approach was employed with the help of finite element analysis 
in COMSOL 5.4a. First, the macroscopic deformation was applied by 
using the periodic displacement boundary conditions on the faces of 
unit cell (Fig.  1b). Following a mesh sensitivity analysis, the unit cell 
was discretised with a mapped mesh of quadrilateral elements with 
quadratic serendipity shape functions, refined within the smaller matrix 
gap, such that a further fourfold increase in the number of elements 
changes the computed critical strains only marginally. Once a deformed 
state is obtained, Bloch–Floquet conditions are imposed on the faces of 
unit cell as 𝑢(𝑋 + 𝑅) = 𝑢(𝑋)𝑒−𝑖𝐾⋅𝑅, where X and u denote the position 
vector and displacement vector, respectively; 𝐾 and 𝑅 denote the Bloch 
wave vector and spatial periodicity in the reference configuration. 
The corresponding eigenvalue problem (see [39]) was solved for the 
range of wavevectors 𝐾 = (𝑘 , 0) oriented along the stiff layers, that 
𝑐𝑟

4 
is, along the direction of the applied compression. This orientation 
is dictated by the physics of the problem, since the first instability 
corresponds to wrinkling of the stiff layers, whose modes are periodic 
along the layer direction, while the long-wave limit 𝑘 → 0 within the 
same family recovers the macroscopic instability, so that both regimes 
are captured by a single family of wavevectors. If all the computed 
eigenvalues remained strictly positive for all 𝑘 > 0, the value of 𝜀
was increased and the procedure repeated until the first non-trivial 
zero eigenvalue was found. The 𝜀𝑐𝑟 = 𝜀 and 𝑘𝑐𝑟 = 𝑘 for the first 
found non-trivial zero eigenvalue correspond to the critical strain and 
critical wavenumber, respectively. For more detailed and illustrative 
description of the numerical procedure for search of elastic instabilities, 
readers are referred to Slesarenko and Rudykh [40]. Note, that here 
the cases of the microscopic and macroscopic (long-wave) instabilities 
are distinguished based on the value of 𝑘𝑐𝑟. Microscopic instabilities, 
associated with the formation of wrinkling interfaces, correspond to 
the critical wavelength 𝑙𝑐𝑟 = 2𝜋∕𝑘𝑐𝑟, while the macroscopic instabilities 
correspond to the specific case of 𝑘𝑐𝑟 → 0 and 𝑙𝑐𝑟 → ∞. Numerically, 
the instability is classified as macroscopic when the first non-trivial 
zero eigenvalue is attained at the lower end of the considered range 
of wavenumbers, 𝑘𝑐𝑟 < 10−4. In the latter case, in general, the onset 
of macroscopic instabilities can be determined through the evaluation 
of the effective tensor of elastic moduli and analysis of the loss of 
ellipticity conditions [36,40]

6. Results and discussion

6.1. Dependence on q

For a given geometry the actual buckling strain is the minimum 
of 𝜀𝑐𝑟(𝑘) over all wavenumbers, and the location of this minimum 
distinguishes the two types of instability. Fig.  2 illustrates the two 
possible cases of the dependence of 𝜀𝑐𝑟 on the wavelength 𝐿, computed 
with the full analytical model, Eq. (3.19). For the microscopic case 
(a), the minimum is attained at a finite wavelength comparable to 
the size of the microstructure, so that the critical wavenumber 𝑘𝑐𝑟 is 
finite. For the macroscopic case (b), 𝜀𝑐𝑟(𝑘) decreases monotonically as 
the wavelength grows, and the minimum is reached only in the long-
wave limit 𝑘𝑐𝑟 → 0 (𝐿 → ∞), which is the signature of a macroscopic, 
homogenised instability: in this limit the mode no longer resolves the 
microstructure and effectively samples the homogenised properties of 
the composite, in line with the equivalence between the long-wave limit 
of the Bloch–Floquet analysis and the loss of ellipticity of the effective 
moduli [36,40].

Applying this minimisation to the alternating-spacing composite 
reveals a feature, already hinted at in Fig.  2: bringing the two closest 
stiff layers together does not stabilise the composite. This can be traced 
directly to Eq. (3.19). Fixing the wavenumber 𝑘 and the volume fraction 
𝑣𝑓 , and denoting 𝑔 = 1∕𝑞 and 𝑥 = 𝜙1

𝑚, the expression (3.17) associated 
with the smaller gap can be written as 

𝛹 1 =
𝑔2𝑥2 − 2𝑔𝑥 tanh(𝑥) + tanh2(𝑥)

(2 + 𝑓1) tanh(𝑥) +
𝑔𝑓1𝑥

cosh2(𝑥)

(6.1)

It is not hard to see that 𝛹 1 → ∞ when 𝑔 → ∞ (i.e. 𝑞 → 0) for any 
value of 𝑥, while 𝛹 2 remains non-negative. Therefore, for any selected 
𝑘 and 𝑣𝑓 , Eq. (3.19) gives 𝜀𝑐𝑟(𝑘) → ∞, and even its minimum over 
𝑘, see Eq. (3.20), grows without a bound as 𝑞 → 0. In other words, the 
analytical model predicts that the critical strain does not saturate as the 
two closest layers approach each other, but instead diverges, which is 
not physically admissible.

Fig.  3 shows the critical strain 𝜀𝑐𝑟 as a function of the geometric 
factor 𝑞 for 𝑣𝑓 = 0.01 and several stiffness contrasts 𝐸𝑐 = 𝐸𝑓∕𝐸𝑚, and 
confirms this divergence. Taking the numerical results (solid symbols) 
as the reference, the analytical estimate, Eq. (3.19), (solid lines) slightly 
overestimates the critical strain. The relative error, |𝜀𝑎𝑛 − 𝜀𝑛𝑢𝑚|∕𝜀𝑛𝑢𝑚, 
𝑐𝑟 𝑐𝑟 𝑐𝑟
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Fig. 2. Dependencies of critical strain, obtained with the full analytical model (Eq. (3.19)), on the wavelength for composites with microscopic (a) and macroscopic 
(b) loss of the stability.
grows with the critical strain (decreasing 𝐸𝑐), which stems mainly 
from linearisation: the equilibrium Eq.  (3.1) is written in the reference 
configuration and the matrix response is described by small-strain elas-
ticity, so the error grows with the magnitude of the critical strain itself. 
It is important to notice that the difference between the numerical 
(finite element) results and the theoretical models remains consistent 
throughout composites with various geometries (𝑞) and elastic moduli 
contrasts (𝐸𝑐), which allows one to draw general conclusions based 
on both the numerical and the theoretical results. For small enough 
𝑞, however, the predicted 𝜀𝑐𝑟 departs from the numerical values and 
grows without bound, which obviously cannot hold for real composites. 
In the extreme case when the two closest layers touch (𝑐1𝑚 = 0, 𝑓 = 0), 
the composite recovers the classical periodicity and becomes equivalent 
to the periodic composite with 𝑐1𝑚 = 𝑐2𝑚 (𝑓 = 1) scaled by a factor 
of two, so that the two cases must share the same critical strain. The 
full model fails to reproduce this, whereas the sandwich beam model, 
Eq. (4.3), provides a satisfactory estimate at small 𝑞, as shown by the 
dashed lines. Fig.  3 thus provides a direct comparison of the two 
analytical descriptions against the same numerical reference: the solid 
curves correspond to the full model, Eq. (3.19), the dashed curves to the 
sandwich beam model, Eq. (4.3), and the symbols to the finite element 
results, for three values of the stiffness contrast.

Fig.  3 further confirms that, for the periodic case, the sandwich 
beam model matches the prediction of the full model (the dotted 
horizontal lines). The two descriptions are therefore complementary: 
the full model performs well for large enough distances between neigh-
bouring layers (large 𝑞) but diverges as 𝑞 → 0 due to the unbounded 
growth of 𝛹 1, while the sandwich beam model is accurate for closely 
located layers (small 𝑞) but not for large 𝑞, since the composite-
beam kinematics underlying Eqs. (4.2) suppress the relative bending 
and shear of the two individual layers, so that the effective bending 
stiffness of the pair, and consequently the predicted critical strain, are 
increasingly overestimated as the inner gap widens. The value of 𝑞 at 
which the two models are equally accurate can be obtained by equating 
Eqs. (3.19) and (4.3) and solving for 𝑞. Moreover, since both models 
overestimate the critical strain in their respective failure regimes, their 
lower envelope, 𝜀̃𝑐𝑟(𝑞) = min{𝜀𝑐𝑟(𝑞), 𝜀𝑐𝑟(𝑞)}, provides a simple unified 
estimate valid over the whole range of layer arrangements, with the 
crossing point marking the switch between the preferred descriptions.
5 
Fig. 3. Critical strain 𝜀𝑐𝑟 vs the geometrical factor 𝑞 for composites with 
𝑣𝑓 = 0.01 and different values of 𝐸𝑐 = 𝐸𝑓∕𝐸𝑚. Symbols correspond to 
the numerically obtained values, solid curves represent the values obtained 
using Eq. (3.19), dashed curves correspond to the sandwich beam model 
(Eq. (4.3)), horizontal dotted curves show the value of the critical strain for 
ideal periodicity (𝑓 = 1).

6.2. Analysis of the least stable arrangement

Fig.  3 shows that the dependence of 𝜀𝑐𝑟 on 𝑞 is non-monotonic: 
although 𝜀𝑐𝑟|𝑓=0 = 𝜀𝑐𝑟|𝑓=1, a minimum appears near 𝑞 ≈ 1 for all values 
of 𝐸𝑐 and 𝑣𝑓 . This can be observed both numerically and analytically 
from Eq. (3.19). At a fixed volume fraction and a fixed wavenumber, 
the only 𝑞-dependent quantity in 𝜀𝑐𝑟 is the sum 𝛹 1 + 𝛹 2, on which 
𝜀𝑐𝑟 depends monotonically. The two gaps are not independent. With 
𝑞 = 𝑐1 ∕𝑐  and 𝑓 = 𝑐1 ∕𝑐2 , the second gap follows directly as 𝑐2 ∕𝑐 =
𝑚 𝑓 𝑚 𝑚 𝑚 𝑓
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(a) 

  
(b) 

 

Fig. 4. Critical strain 𝜀𝑐𝑟 (a) and critical wavenumber 𝑘𝑐𝑟 (b) as functions of the volume fraction 𝑣𝑓  for the ideally periodic (𝑓 = 1; open symbols, dashed lines) and 
the least stable 𝑞 = 1 (filled symbols, solid lines) arrangements. Blue squares and blue curves correspond to 𝐸𝑐 = 35, black triangles and black curves to 𝐸𝑐 = 100. 
Symbols denote the finite element results, lines the analytical predictions. The abrupt drop of 𝑘𝑐𝑟 to zero in panel (b) marks the transition from microscopic to 
macroscopic buckling. For both stiffness contrasts the transition occurs at a lower volume fraction for the periodic arrangement than for the 𝑞 = 1 arrangement.
𝑞∕𝑓 , and since the volume fraction is itself a ratio of lengths, 𝑣𝑓 =
2𝑐𝑓∕(2𝑐𝑓 + 𝑐1𝑚 + 𝑐2𝑚), prescribing 𝑣𝑓  and 𝑞 fixes it: 
𝑐2𝑚
𝑐𝑓

=
𝑞
𝑓

= 2
𝑣𝑓

− 2 − 𝑞, (6.2)

which is equivalent to the relation 𝑓 = 𝑞𝑣𝑓∕(2 − 𝑞𝑣𝑓 − 2𝑣𝑓 ) introduced 
earlier. Identifying the least stable arrangement therefore reduces to 
minimising 𝛹 1 + 𝛹 2 over the admissible range 𝑞 ∈ (0, (1 − 𝑣𝑓 )∕𝑣𝑓 ), the 
upper limit corresponding to the periodic case 𝑓 = 1.

The relevant property of 𝛹 𝑖 given by Eq. (3.17) is that it is non-
negative and vanishes when tanh(𝜙𝑖

𝑚) = 𝜙𝑓 . For the smaller gap, 𝜙1
𝑚 =

𝑞 𝜙𝑓 , this occurs at 

𝑞∗ =
arctanh(𝜙𝑓 )

𝜙𝑓
= 1 +

𝜙2
𝑓

3
+… , (6.3)

the higher-order terms being negligible for small 𝜙𝑓 . Because the two 
gaps are coupled through Eq. (6.2), 𝛹 1 and 𝛹 2 cannot in general be 
minimised independently, and 𝑞∗ alone need not locate the least stable 
arrangement. In the dilute limit, however, the second gap 𝑐2𝑚∕𝑐𝑓 =
2∕𝑣𝑓 −2−𝑞 ≈ 2∕𝑣𝑓  stays large and nearly constant as 𝑞 is varied around 
unity, so that 𝛹 2 remains at its wide-gap value and the minimisation 
of 𝛹 1 + 𝛹 2 reduces to that of 𝛹 1. The least stable arrangement then 
coincides with 𝑞∗, which departs from unity only by 𝑞∗ − 1 ≈ 𝜙2

𝑓∕3. 
This departure is of the order of the (small) critical strain, so the rule 
𝑞∗ = 1 becomes exact in the limit of high stiffness contrast (𝜙𝑓 → 0) 
and accounts for the slight drift above unity seen at finite contrast in 
Fig.  3.

Having established that the lowest critical strain is reached for 𝑞 ≈ 1, 
it is valuable to follow the two limiting arrangements – the ideally 
periodic (𝑓 = 1) and the least stable (𝑞 = 1) – as the volume fraction 
of the stiff phase is varied. Fig.  4 presents the critical strain 𝜀𝑐𝑟 (a) and 
the corresponding critical wavenumber 𝑘𝑐𝑟 (b) as functions of 𝑣𝑓  for 
these two arrangements, for two stiffness contrasts 𝐸𝑐 = 35 (blue) and 
𝐸𝑐 = 100 (black). The analytical predictions (lines) agree well with the 
finite element results (symbols).

For small volume fractions the buckling is microscopic: the critical 
wavenumber 𝑘𝑐𝑟 is finite, the corresponding wavelength is comparable 
to the size of the microstructure, and 𝜀𝑐𝑟 is nearly independent of 𝑣𝑓 . 
In this regime the 𝑞 = 1 arrangement consistently exhibits a lower 
critical strain than the periodic one. As 𝑣𝑓  increases, 𝑘𝑐𝑟 decreases and, 
at a certain volume fraction, reaches zero (Fig.  4b). This jump marks 
the transition from the microscopic (wrinkling) to the macroscopic 
6 
(long-wave) instability. Beyond the transition the critical strain follows 
the macroscopic branch, decreases monotonically with 𝑣𝑓 , and the 
difference between the two arrangements gradually vanishes.

Importantly, the transition to the macroscopic regime does not 
occur at the same volume fraction for the two arrangements. The 
periodic composite (𝑓 = 1) loses stability in the long-wave manner at 
a noticeably lower volume fraction than the 𝑞 = 1 composite, both 
for 𝐸𝑐 = 35 and 𝐸𝑐 = 100. The macroscopic onset is controlled by 
the homogenised response of the composite, which at a fixed volume 
fraction is essentially insensitive to the arrangement of the layers, so 
that the long-wave branch of the critical strain is nearly identical for 
the two arrangements (the dashed and solid lines converge in Fig. 
4a). The microscopic branch, in contrast, lies lower for the 𝑞 = 1
arrangement, as established above. Since the transition corresponds 
to the crossing of the two branches, lowering the microscopic branch 
while leaving the long-wave branch unchanged displaces the crossing 
towards a higher volume fraction; the periodic composite therefore 
enters the macroscopic regime first. As a result, there exists a range 
of volume fractions in which the ideally periodic composite already 
buckles macroscopically, whereas the least stable 𝑞 = 1 composite still 
develops a microscopic wrinkling pattern. This interplay is examined 
in more detail in the next subsection.

6.3. Difference between the most and the least stable states

The interplay between the arrangement of the layers and the type 
of the instability is summarised in Fig.  5, which maps the difference be-
tween the critical strains of the most and the least stable arrangements, 
𝜀𝑚𝑎𝑥𝑐𝑟 − 𝜀𝑚𝑖𝑛𝑐𝑟 , over the volume fraction 𝑣𝑓  and the stiffness contrast 𝐸𝑐 . 
Here 𝜀𝑚𝑎𝑥𝑐𝑟  corresponds to the ideally periodic composite (𝑓 = 1) and 
𝜀𝑚𝑖𝑛𝑐𝑟  to the 𝑞 = 1 arrangement. This difference quantifies the extent to 
which the onset of instability can be tuned at a fixed volume fraction 
solely by rearranging the layers.

The difference is largest for compliant contrasts and small-to-
moderate volume fractions, where it reaches up to about 4%, and it 
gradually decreases as either 𝑣𝑓  or 𝐸𝑐 increases. In the grey region the 
least stable (𝑞 = 1) arrangement itself buckles macroscopically, and 
the critical strain becomes essentially insensitive to 𝑞. The boundary of 
this region, at which the 𝑞 = 1 composite passes from microscopic to 
macroscopic buckling, is indicated by the magenta dashed line.

The orange dashed line marks the analogous transition for the 
ideally periodic (𝑓 = 1) composite. As established in Section 6.2 and 
illustrated in Fig.  4, the periodic composite reaches the macroscopic 
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Fig. 5. Difference between the critical strains of the most (𝑓 = 1, 𝜀𝑚𝑎𝑥𝑐𝑟 ) and the 
least (𝑞 = 1, 𝜀𝑚𝑖𝑛𝑐𝑟 ) stable arrangements as a function of the volume fraction 𝑣𝑓
and the stiffness contrast 𝐸𝑐 . In the grey region the 𝑞 = 1 arrangement buckles 
macroscopically and the tunability vanishes. The magenta and the orange 
dashed lines mark the transition from microscopic to macroscopic buckling 
for the 𝑞 = 1 and for the ideally periodic (𝑓 = 1) arrangements, respectively. 
In the band between them the periodic composite is already macroscopic while 
the 𝑞 = 1 composite is still microscopic.

regime at a lower volume fraction than the 𝑞 = 1 composite, so that 
the orange line lies closer to the origin than the magenta one. In the 
band enclosed between the orange and the magenta lines the ideally 
periodic composite already buckles macroscopically, while the least 
stable 𝑞 = 1 composite still buckles microscopically. The difference 
𝜀𝑚𝑎𝑥𝑐𝑟 −𝜀𝑚𝑖𝑛𝑐𝑟  nevertheless remains well defined throughout this band: 𝜀𝑚𝑎𝑥𝑐𝑟
is then the long-wave buckling strain of the periodic composite, while 
𝜀𝑚𝑖𝑛𝑐𝑟  is the microscopic wrinkling strain of the 𝑞 = 1 composite. Only 
once the 𝑞 = 1 arrangement also turns macroscopic (the grey region) 
does the difference becomes negligible.

The structure of this map can be related to the way the arrangement 
of the layers enters the critical strain, namely through the terms 𝛹 1

and 𝛹 2, each of which depends on the corresponding gap only through 
the ratio 𝜙𝑖

𝑚 = 2𝜋𝑐𝑖𝑚∕𝑙𝑐𝑟 between the gap width and the buckling 
wavelength. The tunability appears to be largest when these two ratios 
are well separated, with the critical wavelength falling between the 
two gaps, so that the smaller gap is engaged in the interaction between 
the layers while the larger one is already in its saturated regime and 
redistributing the matrix acts on the smaller gap alone. Since 𝑐2𝑚∕𝑐𝑓 =
2∕𝑣𝑓 − 2 − 𝑞, increasing the volume fraction brings the two gaps closer 
to each other, and the achievable difference is reduced, disappearing 
once the instability turns macroscopic and the critical strain is governed 
by the homogenised response, which at a fixed volume fraction is 
insensitive to the arrangement. The behaviour along the other axis has 
a different origin, as with increasing 𝐸𝑐 the critical strains themselves 
become small, and so does the absolute difference between the two 
arrangements. Together, these two trends account for the shape of the 
tunable region in Fig.  5, which is widest at low volume fractions and 
compliant contrasts and narrows as either parameter increases.

Finally, since the constituents are described within linear elasticity, 
it is worth specifying the range in which the reported values can be 
treated quantitatively. For simple layered geometries the difference 
between the onsets predicted with Hookean and neo-Hookean phases 
remains minor at small and moderate deformations [40,48,51], and the 
present predictions are correspondingly reliable for the moderate and 
high stiffness contrasts, for which the critical strains stay small. For 
the lowest contrasts considered here the critical strains are noticeably 
7 
larger, and the reported values should be regarded as linearised esti-
mates. The qualitative conclusions — the ranking of the arrangements, 
the location of the least stable geometry, and the existence of a window 
in which the two arrangements lose stability in different ways — do not 
rely on the precise magnitude of the critical strain, and are therefore 
hold for neo-Hookean constituents as well. This extrapolation should 
not be extended to materials exhibiting pronounced strain stiffening, 
such as those described by the Gent model, since the stiffening of the 
phases prior to the onset alters the balance between the constituents 
and can shift the instability in a way that is not captured by the present 
analysis [42].

7. Conclusions

In this work, the elastic instabilities of layered composites with 
alternating interlayer spacing, in which the stiff layers are separated 
by two alternating gaps while the overall volume fraction is kept 
constant, were studied. By extending the analytical treatment of Parnes 
and Chiskis to this geometry, a closed-form estimate of the critical 
strain was derived (Eq. (3.19)) and complemented, for closely spaced 
layers, by a sandwich-beam model (Eq. (4.3)). The two models accu-
rately reproduce the finite element results in their respective ranges 
of applicability, and together they cover the whole range of layer 
arrangements.

It was shown that, at a fixed volume fraction, the stability of the 
composite can be tuned simply by changing the relative spacing of the 
layers. The ideally periodic arrangement (𝑓 = 1) is the most stable, 
whereas the lowest critical strain is attained when the smallest gap 
becomes comparable to the layer thickness, that is for 𝑞 ≈ 1. The full 
analytical model captures this behaviour in the general case, and its 
prediction becomes more accurate the more dilute the composite and 
the higher the stiffness contrast.

Finally, the difference between the most and the least stable ar-
rangements was mapped over the volume fraction–contrast plane, to-
gether with the accompanying transition between microscopic and 
macroscopic buckling. The two limiting arrangements do not become 
macroscopic simultaneously: the periodic composite enters the long-
wave regime at a lower volume fraction than the 𝑞 = 1 composite, 
which leaves a finite band in which the periodic composite is already 
macroscopically unstable while the least stable composite still wrin-
kles. These results demonstrate that deviations from ideal periodicity 
provide an additional, volume-fraction-preserving degree of freedom 
for controlling the onset of elastic instabilities in layered composites. 
From a practical point of view, if buckling is regarded as an undesired 
failure mode that limits the load-bearing capacity, then a critical strain 
computed for a perfectly periodic composite cannot be assumed to hold 
once the periodicity is broken: closely located layers arising during 
fabrication may significantly undermine the performance of the com-
posite. It should be noted, however, that the experimental verification 
of this phenomenon is likely to be challenging, since the intermediate 
transitional layers between fibre and matrix also affect the buckling 
behaviour, as shown in [55].
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