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ABSTRACT  
The exposition level of the built environment to seismic wave propagation underscores the critical need for advanced 
strategies to mitigate structural damage and life-threatening conditions during earthquake events. To reduce seismic wave 
impact, metamaterials have unveiled promising wave attenuation performance due to their design, adaptability, and 
effectiveness. While numerical studies have demonstrated the effectiveness of metamaterials in attenuating different 
frequency excitations (including earthquake excitations), experimental evidence to corroborate wave attenuation 
predictions and tunable mechanisms for low-frequency waves remains limited. This research presents the evaluation of 
wave attenuation in a mass-and-mass metamaterial under low-frequency excitations, incorporating a tunable mechanism 
based on the engagement of electromagnets. The mass-and-mass metamaterial consists of a one-dimensional diatomic 
chain, where varying engagements of electromagnets can modify the wave attenuation effect for different tunability 
purposes. The dispersive behavior and frequency bandgap of the metamaterial are derived for theoretical wave attenuation. 
In an analytical study, the predicted wave attenuation is examined through the time-history responses and frequency 
response functions of analytical metamaterial models according to different engagements of electromagnets. Then, an 
experimental study testing a small-scale metamaterial specimen is conducted to corroborate the wave attenuation effect 
and its tunability in the analytical results. The results demonstrate that intentional structural modifications via the 
engagement of electromagnets enable adaptive solutions over wave propagation characteristics. This investigation also 
contributes to the development of reconfigurable metamaterials for vibration mitigation in different wave propagation 
problems. Consequently, new pathways for tunable and efficient wave attenuation can be envisioned in large-scale 
applications, including earthquake engineering.  
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1. INTRODUCTION  
Earthquakes represent one of the most unpredictable and catastrophic events in communities, although they are one of the 
most investigated natural phenomena in structural engineering historically. The impact of seismic wave propagation on 
civil infrastructure has been reduced by vibration mitigation methods mainly oriented toward vibration control systems. 
Semi-active damping devices1, passive isolation systems and semi-active control2, and floor isolation systems3, are among 
the most relevant research contributions to vibration mitigation methods for earthquake events. Recently, additive 
manufacturing of metamaterials4 has unlocked novel, tunable wave attenuation solutions to still sustain safety requirements 
in structures when extreme events induced by seismic wave propagation occur. Metamaterials, artificially designed 
materials to achieve distinctive mechanical and dynamic properties, have demonstrated the potential to provide wave 
attenuation effects in earthquake engineering. By designing its internal architecture and Unit Cell (UC) arrangement, a 
frequency bandgap (FBG) is developed to filter wave propagation and introduce a wave attenuation effect for particular 
frequency ranges5–7. By taking advantage of this capability, multiple studies have exploited the potential of metamaterials 
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approaching multiple FBG designs in 3D periodic structures8, the tunability of the FBG in metamaterials for high 
frequencies in elastic wave propagation9, and noise isolation solutions for crack detection10, to new a few. In earthquake 
engineering, numerical investigations on metamaterials using seismic wave shields of resonators11, periodic inclusion 
arrays as barriers12, homogenized resonator-soil layers13, mass-in-mass lattice systems14, and inertial amplified resonators15 
for wave attenuation performance of seismic waves have demonstrated effectiveness and potential applications. 
 
Nevertheless, investigations on wave attenuation and tunability in metamaterial applications in engineering problems, 
including earthquake engineering, remain limited to high-frequency excitations, numerical studies, or fixed vibration 
mitigation targets. Most of these investigations present frameworks based on numerical frequency response functions 
(FRFs) to examine wave attenuation when structural modifications are inserted in metamaterials at high-frequency 
excitations16,17. Thus, the lack of experimental data replicating structural modifications and tunable mechanisms and 
limited validation of predicted numerical or analytical results are current issues to be explored further. By conducting 
analytical and experimental studies with tunable mechanisms, the understanding of wave attenuation and tunability in 
metamaterials for low-frequency excitations can be explored in more detail. 
   
This investigation evaluates the wave attenuation of a mass-and-mass metamaterial for different low-frequency excitations 
and demonstrates how the engagement of electromagnets affects the wave attenuation for tunability purposes. The mass-
and-mass metamaterial comprises a one-dimensional (1D) diatomic chain along with a tunable mechanism driven by the 
engagement of electromagnets. To predict the theoretical wave attenuation, the FBG of the metamaterial is obtained 
through its dispersive behavior. The time-history responses and analytical FRFs of the metamaterial model are also 
simulated to study the wave attenuation effect when different engagements of electromagnets are introduced. 
Subsequently, a metamaterial specimen is experimentally tested to determine experimental FRFs based on a small-scale 
laboratory setup and to corroborate the analytical predictions. By this tunability, structural modifications of the dynamic 
system are intentionally inserted to create modified metamaterial models and specimens, and then originate alterations in 
the wave attenuation effect easily (e.g., amplification). The presented wave attenuation analysis and proposed engagement 
of electromagnets provide relevant findings to extend metamaterial potential in wave propagation problems and to 
contribute to adaptive, efficient design concepts for large-scale engineering applications. 
 

2. METHODOLOGY 
The mass-and-mass metamaterial involves a periodic 1D diatomic chain evaluated at low-frequency excitations. The nth 
𝑈𝐶 model of the diatomic chain displayed in Figure 1 consists of two different masses, 𝑚! = 0.136	𝑘𝑔 and 𝑚" =
0.086	𝑘𝑔, attached one to another through a horizontal spring element with effective stiffness 𝑘#$ = 2,400	𝑁/𝑚. Firstly, 
the dispersive behavior is derived to find the FBG of a diatomic infinite chain for the mass-and-mass metamaterial 
proposed. To demonstrate an engineering application herein, an analytical mass-and-mass metamaterial model consisting 
of a 3-UC diatomic chain along with an individual mass is simulated under low-frequency excitations. When a frequency 
sweep and forced excitations are evaluated, the displacement response of the original and modified metamaterial models 
is calculated according to different engagements of electromagnets. Based on this information, analytical FRFs are 
computed to evaluate the wave attenuation from the external excitation to the individual mass. Finally, the experimental 
testing of a 3-UC mass-and-mass metamaterial specimen subjected to a frequency sweep is conducted to verify the 
theoretical dispersive behavior and confirm the analytical results presented.  

 
Figure 1. Dynamic subsystem of the 1D diatomic infinite chain for the mass-and-mass metamaterial 

Proc. of SPIE Vol. 13433  134330K-2



 
 

 
 

In addition to the original mass-and-mass metamaterial design, the wave attenuation analysis of two modified metamaterial 
models and specimens is conducted for the analytical and experimental studies. To facilitate the adoption of different 
engagement configurations, a tuning mechanism using the engagement of electromagnets is proposed to introduce 
structural modifications and derive these modified metamaterials. The engagement of electromagnets rearranges the mass 
and stiffness properties and impacts the periodic configuration of UCs in the mass-and-mass metamaterial. Electromagnets 
are inserted in mass 𝑚! and horizontal connectors are located at the top ends of mass 𝑚" and expanded up to adjacent 
masses 𝑚!. A binary code representation denotes the electromagnetic force status (from external excitation to individual 
mass) in each UC: 0 indicates the electromagnet is disengaged (black oval), and 1 suggests the electromagnet is engaged 
(green oval). Figure 2 displays the interpretation of the engagement of electromagnets in the tuning mechanism proposed. 
For the wave attenuation analysis and tunability property of the metamaterial, the original metamaterial is considered as 
0000, and the modified metamaterials are represented as 1101 and 1111 in the analytical and experimental approaches. 
 

 

(a) 

 

(b) 
Figure 2. Interpretation of the engagement of electromagnets for the tuning mechanism proposed: (a) electromagnet disengaged (0). 

(b) electromagnet engaged (1). 

Dispersive Behavior of Diatomic Chain 

A 1D diatomic infinite chain is studied to derive the dispersive behavior of an undamped mass-spring system representing 
the mass-and-mass metamaterial, as shown in Figure 1 previously. Based on boundary conditions and periodicity of UCs, 
a dynamic subsystem of the diatomic infinite chain is analyzed to determine the mathematical expression of the dispersive 
behavior. To this end, a simple description of the equations of motion according to the degrees of freedom (DOF) 𝑥%,"%'! 
and 𝑥%,"% involved in (n-1)th 𝑈𝐶, nth 𝑈𝐶, and (n+1)th 𝑈𝐶 is proposed through18, 
 

𝑚!𝑥̈",$"%! + 𝑘&'&−𝑥"%!,$"%$ + 2𝑥",$"%! − 𝑥",$") = 0 (1) 
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𝑚$𝑥̈",$" + 𝑘&'&−𝑥",$"%! + 2𝑥",$" − 𝑥"(!,$"(!) = 0 (2) 

According to the periodic infinite chain considered, Eq. (1) and Eq. (2) are solved by Bloch’s theorem presuming that 
waves propagate following,  
 

𝑥",$"%! = 𝐴!𝑒)("+,(-.), 𝑥",$" = 𝐴$𝑒)("+,(-.) (3) 

where i represents the imaginary unit, L corresponds to the chain constant, qL denotes the reduced wavenumber, n is the 
nth 𝑈𝐶, 𝐴! and 𝐴" indicate the wave amplitude of 𝑚! and 𝑚", respectively, and 𝜔 is the angular frequency. By inserting 
Eq. (3) into Eq. (1) and Eq. (2) and manipulating the resulting mathematical expression, a real solution for such a 
mathematical expression when the determinant is zero is found as19,  

𝑚!𝑚$𝜔0 − 2𝑘&'(𝑚! +𝑚$)𝜔$ + 2𝑘&'$ (1 − cos	(𝑞𝐿)) = 0 (4) 

Finally, the dispersive behavior and the FBG of the diatomic infinite chain for the mass-and-mass metamaterial are 
obtained by solving Eq. (4) for 𝜔(𝑞𝐿). 
 
Analytical Metamaterial Study 

The mass-and-mass metamaterial, consisting of a 3-UC diatomic chain along with an individual mass 𝑚!, is simulated to 
predict the dynamic response and explore wave attenuation. Figure 3 indicates the analytical metamaterial model 
represented as an undamped 7-DOF spring-mass system.  

 
Figure 3. Analytical model of the 3-UC diatomic chain and the individual mass 𝑚! for the mass-and-mass metamaterial 

The linear time-invariant dynamic response of the mass-and-mass metamaterial model subject to an external excitation is 
calculated following the classic equation of motion20, 

𝑀𝑥̈(𝑡) + 𝐾𝑥(𝑡) = 𝐹&12(𝑡) (5) 

where 𝑀 and 𝐾	 ∈ ℜ()( indicate the mass and stiffness matrices, respectively, 𝑥(𝑡) ∈ ℜ()! represents the vector 
containing the relative displacements of the system, and 𝐹#)*(𝑡) ∈ ℜ()! denotes the external excitation, designated as the 
frequency sweep and forced excitations herein. The frequency sweep is simulated from 10 Hz to 70 Hz, while the forced 
excitations correspond to sine waves of 35 Hz and 15 Hz. In the frequency domain, the displacement response 𝑢(𝜔) of 
the dynamic system is written as, 

𝑥(𝜔) = (𝐾 − 𝜔$𝑀)%!𝐹&12(𝜔) (6) 

Then, the analytical FRF is computed to explore and evaluate the wave attenuation of the mass-and-mass metamaterial 
model by9, 

𝐴𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙	𝐹𝑅𝐹	(𝑑𝐵) = 20 𝑙𝑜𝑔!3 G
𝑥4(𝜔)
𝑓&12(𝜔)

G (7) 

Proc. of SPIE Vol. 13433  134330K-4



 
 

 
 

Experimental Metamaterial Study 

Following the same structure described in the analytical model, a mass-and-mass metamaterial specimen is designed, 
additively manufactured, and tested experimentally for wave attenuation analysis. The UC design of the metamaterial 
specimen includes two different masses, 3D-printed supports with and without an electromagnet (𝑚! and 𝑚", 
respectively), interacting periodically with one another by linear springs. Figure 4 presents the UC design and the 3-UC 
diatomic chain along with the individual mass 𝑚! assembled for the metamaterial specimen. To facilitate the arrangement 
and appropriate dynamic response of the metamaterial, the specimen is placed into guide rails fixed at both ends. The input 
excitation of this experimental test is a frequency sweep between 10 Hz and 70 Hz. The experimental setup and details of 
the mass-and-mass metamaterial specimen are introduced in Figure 5. 
 
 

  

(a) (b) 

Figure 4. (a) UC design in SolidWorks (units in mm). (b) 3-UC diatomic chain along with individual mass 𝑚! 

 

  

(a) (b) 

Figure 5. (a) Experimental setup. (b) Details of the mass-and-mass metamaterial specimen 
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To investigate wave attenuation in experimental testing, the experimental FRF is used to explain the propagation of the 
incident waves across a spectrum of frequencies. The wave attenuation effect can be explored between two reference 
points in a dynamic system. The experimental FRF is calculated by,  
 

𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙	𝐹𝑅𝐹	(𝑑𝐵) = 20 𝑙𝑜𝑔!3 G
𝐴56.(𝜔)
𝐴)"(𝜔)

G (8) 

where 𝐴+,-(𝜔) and 𝐴.%(𝜔) are the frequency-domain output and input signals computed by the Fast Fourier Transform, 
respectively. Negative FRF values express wave attenuation, and positive FRF values indicate amplification of the wave 
between the reference points.  
 

3. RESULTS AND DISCUSSION 
The dispersion curve for the mass-and-mass metamaterial proposed based on its diatomic infinite chain is depicted in 
Figure 6a. It is observed that the FBG is located between 29.9 Hz and 37.6 Hz, indicating thus the reference frequency 
range for the theoretical wave attenuation predicted. To corroborate analytically this attenuation property in the mass-and-
mass metamaterial, the analytical FRF of the original metamaterial model subjected to a frequency sweep is calculated 
and presented in Figure 6b. The identified frequency limits of the strongest attenuation zone in the FRF significantly agree 
with the theoretical FBG limits.  
 

  
(a) (b) 

Figure 6. (a) Dispersion behavior of the 1D diatomic chain. (b) Analytical FRF of the original metamaterial model subjected to a 
frequency sweep. 

The wave attenuation effect of the original analytical model is also reflected in the time-domain displacement response of 
the dynamic system. For this, two forced harmonic excitations with bandgap and propagable frequencies (red dots in Figure 
6b), 35 Hz and 15 Hz, respectively, are simulated to evidence the reduction and amplification of displacements at 3 DOFs. 
The unit-amplitude sine waves of 35 Hz and 15 Hz are simulated as external excitations. In order to normalize the dynamic 
responses, the displacement response of the model is divided by the maximum amplitude of 𝑥!,! in each forced harmonic 
excitation.  Figure 7 introduces the normalized time-history displacement responses of the original metamaterial model 
for 𝑥!,!, 𝑥",/ and 𝑥( when sine waves of 35 Hz and 15 Hz are evaluated. When the proposed metamaterial model is excited 
by a 35-Hz sine wave (incident wave within the FBG), the displacement response is attenuated as presented in Figure 7a. 
This is also noticeable by comparing it to the displacement response in Figure 7b of the same model subjected to a 15-Hz 
sine wave instead (incident wave outside the FBG).  
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(a) (b) 

Figure 7. Normalized time-history displacement responses of the original analytical model for 𝑥!,!, 	𝑥#,$, 	and 𝑥%: (a) Sine wave 
excitation with 𝑓& = 35 Hz. (b) Sine wave excitation with 𝑓& = 15 Hz. 

The tunability property of the metamaterial by the engagement of electromagnets is now evaluated. Analytical and 
experimental FRFs of the mass-and-mass metamaterial under 3 different engagements of electromagnets mentioned earlier 
are presented in Figure 8. As is observed, similar patterns are identified in the wave attenuation effect (FBG) in both 
analytical and experimental results as the engagement of electromagnets is performed. This is, the theoretical wave 
attenuation predicted can be correctly and easily evidenced at the FBG in the experimental dynamic response measured. 
The analytical and experimental resonance peaks of the 0000 and 1101 metamaterials demonstrate a reliable agreement. 
Additionally, the comparison between analytical and experimental 1111 metamaterials also confirms a proof of concept 
by observing the flat FRF curves. The engagement of electromagnets in such configuration poses an extreme reduction of 
the attenuation effect that guides the dynamic system to behave as a rigid body, facilitating propagation instead of 
attenuation. It should be noted that amplitude differences between analytical and experimental FRFs are mostly associated 
with the fact that frictional damping was not considered in the analytical model. According to these findings, it is proved 
that the tunability proposed in the mass-and-mass metamaterial facilitates the manipulation and modification of wave 
attenuation into amplification effects. This great capability shows the potential to address different wave propagation 
problems using the same mass-and-mass metamaterial with different engagements of electromagnets. 
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(a) (b) 

Figure 8. Frequency response of metamaterials subjected to frequency sweep at the FBG: (a) Analytical FRFs. (b) Experimental FRFs. 

 

4. CONCLUSIONS AND FUTURE WORK 
As wave attenuation investigations of metamaterials for low-frequency excitations have been experimentally limited, the 
wave attenuation analysis of the mass-and-mass metamaterial studied at low-frequency excitations provides great value to 
the literature by effectively evaluating and comparing theoretical, analytical, and experimental approaches. The proposed 
tuning mechanism by the engagement of electromagnets also demonstrates the tunability potential to manipulate the wave 
propagation phenomenon in metamaterials. By adjusting the wave attenuation into amplification effects, the design and 
adaptability of metamaterials could be streamlined and exploited for multiple engineering problems simultaneously. The 
results of this comprehensive work serve as a pilot study to advance tunable, sustainable metamaterial solutions for wave 
propagation problems such as vibration mitigation for earthquake protection and wave guidance in noise control. It is 
noteworthy that additional modeling and testing of different engagements of electromagnets should be performed to 
confirm the overall attenuation effect and tunability property, and to also recognize any unknown limitations. Future work 
directions to be explored include analytical and experimental studies of structural health monitoring and damage detection 
in metamaterials21, development of active/semi-active wave control systems driven by magnetic force22, and investigations 
of wave attenuation performance considering interaction effects between metamaterials and soil media for seismic waves23. 
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